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Abstract

All Magnetic Resonance Imaging (MRI) techniques are based on the Bloch
NMR flow equations. Over the years, researchers have explored the Bloch NMR
equations to significantly improve healthcare for accurate diagnosis, prognosis
and treatment of deceases. However, MRI scan is still one of the most expensive
anywhere. Method to achieve the best image quality with the lowest cost is still
a big challenge. In this chapter, the generalized time dependent non
homogenous second order differential equation derived from the Bloch NMR
flow equations is modeled into basic and well known equations such as Bessel
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equation, Diffusion equation, Wave equation, Schrodinger’s equation,
Legendre’s equation, Euler’s equation and Boubaker polynomials. Solutions to
these equations are abundantly available in standard text books and several
research studies on Mathematics, Physics, Chemistry and Engineering.
Unexpected NMR/MRI methodological developments may be possible based on
the analytical solutions of these equations and may further enhance the power
of NMR. There will be spectacular applications in a variety of fields, ranging
from cognitive neuroscience, biomedical engineering, imaging-science,
molecular imaging to medicine, and providing unprecedented insights into
chemical, biological and geophysical processes. This may initiate unforeseen
technological and biomedical possibilities based on a much improved
understanding of nature.

Keywords

Bloch NMR Flow Equation, Bessel Equation, Diffusion Equation,
Wave Equation, Schrodinger’s Equation, Legendre’s Equation,
Euler’s Equation and Boubaker Polynomials.

2.1 Introduction

Advances in computers, mathematics, and science, is giving way to
nonsurgical tools in the diagnosis of certain diseases. Besides X-ray imaging,
now over 100 years old, the technologies include computed tomography (CT
scans), positron-emission tomography (PET scans), ultrasound imaging, or
sonography and magnetic resonance imaging (MRI).

Magnetic Resonance Imaging [1-34] uses a powerful magnetic field along
with radio waves (not X-rays) and a computer to produce highly detailed “slice-
by-slice” pictures of virtually all internal structures of the body. The results
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enable physicians to examine parts of the body in minute detail and identify
disease in ways that are not possible with other techniques. For example, MRI is
one of the few imaging tools that can see through bone, making it an excellent
tool for examining the brain and other soft tissue.

Patients must remain still during the imaging process. And because the scan
takes place as the patient slides through a rather small tunnel in the machine,
some people experience claustrophobia. In recent times, though, open MRI
scanners have been developed for patients who are anxious or obese. Naturally,
no metal objects such as pens, watches, jewelry, hairpins, and metal zippers as
well as credit cards and other magnetically sensitive items are allowed into the
examination room.

If a contrast fluid is used, there is a slight risk of allergic reaction, but the risk
is less than that associated with the iodine-based substances commonly used
with X-rays and CT scans. Otherwise, MRI poses no known risk to the patient.
However, because of the effect of the strong magnetic field, patients with
certain surgical implants or metal fragments from injuries may be unable to
have an MRI. So if an MRI is recommended, be sure to tell your doctor and
your MRI technologist if you have any of these things. MRI does not use
potentially harmful radiation, and it is particularly good at detecting tissue
abnormalities, especially those that may be obscured by bone.

At present, the main thrust of research seems to be to improve technology
that is already available. For example, researchers are developing MRI scanners
that operate with a much weaker magnetic field than that of present devices,
thus considerably reducing costs. A new technology under development is
called molecular imaging (MI). Designed to detect changes within the body at
the molecular level, M1 promises very early detection and treatment of disease.
MRI technology has reduced the need for many painful, risky, and even
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unneeded exploratory operations. And when imaging leads to early diagnosis
and treatment of disease, the outcome may be much better. The equipment,
however, is expensive—some machines costing well over a million dollars.

Despite over 50 years of the use of MRI for various investigations, the choice
of technique parameters still relies to a great extent on experience. Research
efforts to optimize the choice of parameter settings which yield sufficient image
quality at the lowest possible cost are still rare. True optimization requires 1)
estimation of the image quality needed to make a correct diagnosis and 2)
methods to investigate all possible means of achieving this image quality in
order to be able to decide which of them gives the lowest cost. Since the Bloch
NMR equations are fundamental to all NMR/MRI computations, simulations
and experiments, it can be fruitful, rewarding and beneficial with exciting
results if these problems could be approached purely mathematically by solving
the fundamental Bloch NMR equations analytically using all known
mathematical techniques available both classical and quantum formulations. As
such it presents significant challenge for the mathematical scientists, physicists,
engineers and computer scientists to apply any of the fundamental and well
known equations derived from the Bloch NMR flow equation as presented in
this chapter to reveal most of the current unknowns but can enhance present
understandings in the field of NMR/MRI.

Many of human diseases such as cancer, diabetes, arteriosclerosis and stroke,
Alzheimer’s disease, AIDS, etc, have all been known to be diseased conditions
which take place at quantum (molecular) level. If we can see exactly what goes
on at that level, we may have thorough understanding of their specific causes
(or how they are caused), trace and monitor their progression and get the best
cure for them. It is hoped that due to the ability of magnetic resonance to probe
right to the fundamental level, we may be able to image human cellular
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functions and such imaging modalities would definitely help in the
understanding of the human diseased conditions. Information gathered from the
images can then be added to the present medical database to make it more
comprehensive and thus permit the physician to make a more specific diagnosis,
prognosis and possibly the appropriate therapy. The basic challenge in this
direction is finding the right mathematical frameworks which appropriately
describe the processes involved.

2.2 The Bloch NMR Equations

Magnetic resonance is a physical phenomenon whereby nuclei containing an
odd number of particles, when in the presence of a magnetic field, absorb radio
frequency waves at specific (resonance) frequencies. The magnitude of the
radio frequency (RF) waves provides information about the molecules
containing the nuclei. The nuclei have an intrinsic spin property, which
generates a local magnetic field. The nuclei are also precessing around their
axes with a velocity that is proportional to the strength of the external field (the
Larmor equation). The nuclei are therefore often called spins. Magnetic
resonance imaging (MRI) is a non-invasive technique used to obtain
tomographic images of any desired plane of the body and by means of magnetic
resonance velocity mapping; it is possible to quantify blood flow. In MRI, the
spins or magnetic moments are exposed to a strong external magnetic field
which will force the spins to line up in alignment with the field. In this state, the

spins are at the lowest energy state and posses longitudinal magnetic properties.

The magnetization at this point is the equilibrium magnetization M. Applying

a radio frequency (RF) signal in a direction perpendicular to the spins at their
resonance (Larmor) frequency causes the spin to absorb energy and hence tips

the net magnetization vector of all the spins toward the transverse plane. This
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creates a net transverse magnetization vector. This vector will also precess
about the external field and begin to relax towards alignment with the external
field again (the lowest energy states). That is, the net magnetization moves back
to align with the external field and hence we say that motion has occurred. This
motion of the net magnetization is guided by a set of equations known as the
Bloch equations which are the equations of motion for the net magnetization
vector M of a sample of spins placed in a main magnetic field B, (where the
components of M are M,, My and M,).

The behaviour of the transverse magnetization vector can be detected by the
receiving unit in the scanner, the rf coil, and produce an rf signal. This rf signal
is a fine wave at the Larmor frequency. The rate at which the net longitudinal
magnetization vector builds up again to the equilibrium values is constant and is
expressed by the T; relaxation time. The rate at which the transverse
magnetization vector decreases is also constant and expressed by the T,
relaxation time. T, and T, are the major parameters influencing the amplitude of
the magnetic resonance signal. They depend on the molecular environment of
the tissue and allow the distinction of different types of tissues.

The magnetic vector |Lof a spinning, charged particle lies along the axis of
rotation. The surrounding magnetic field symbolized by the vector H, exerts a
torque that tends to bring pLand H into alignment. However, this torque also
interacts with the angular momentum vector; the effect of this interaction is to
cause the spin axis to describe a cone about the direction of the magnetic field.
This phenomenon is called the Larmor precession, named after Sir Joseph
Larmor, the Irish Physicist, who was the first to calculate the rate at which
energy is radiated by an accelerated electron and the first to explain the splitting
of spectrum lines by a magnetic field.
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When the natural frequency of the precessing nuclear magnets corresponds to
the frequency of a weak external radio wave striking the material, energy is
absorbed from the radio wave. This selective absorption, called resonance, may
be produced either by tuning the natural frequency of the nuclear magnets to
that of a weak radio wave of fixed frequency or by tuning the frequency of the
weak radio wave to that of nuclear magnets determined by the strong constant
external magnetic field. This motion of the magnetization vector of uncoupled
spins is easily expressed in terms of the Bloch NMR equations.

Almost all MRI concepts, dynamics and experiments are governed by the
Bloch NMR equations. These equations relate the macroscopic model of
magnetization to the applied radiofrequency, gradient and static magnetic fields.
The dynamics of the changes in bodies containing NMR - sensitive nuclei, its
physical changes (for example, freely diffusing or bound within a cavity) are
carefully captured by the Bloch equation: a phenomenological equation
describing the physics of magnetic moments — such as the moment of the water
proton as a precessional gyroscopic motion in the presence of exponential
damping (T; and T,), perturbing magnetic fields (the fixed B,, and the time -
varying radiofrequency By).

The Bloch NMR equations are a set of coupled differential equations
describing the behaviour of the macroscopic magnetization vector under any
conditions. A form of the equations [35-41] is given as:

dM, M, -
dt T, 1)
My—yi\/l B, (X) My 2.2
dt - z-1 T2 ()
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dM M,-M
=M, B(0 + e eo)
1

The parameters are defined in the macroscopic frame of reference v, m

(Transverse magnetization) and M, (longitudinal magnetization) are
magnetizations along x, y and z directions, M, is the equilibrium magnetization
(along the z direction), B, (x) is the Radiofrequency (RF) magnetic field which
can be constant, depending on xand/or t T; is the longitudinal or spin-lattice
relaxation time, T, is the transverse or spin-spin relaxation time and y is the

gyro magnetic ratio of fluid spins.

The total magnetic field is given as:

B =B, +B,(x) (2.4)

where B, is the static magnetic field. All these parameters, as may be related

to MRI will be discussed in full detail in section.

Since the MRI spin are always in motion, they must be treated with reference
to their dynamics. The features of this dynamics are very much pronounced in
fluids especially in biological systems.

From the kinematic theory of moving fluids, given a property M of the fluid,
then the rate at which this property changes with respect to a point moving
along with the fluid will be the total derivative:

M _oM oM dx oM dy oM dz
gt ot ox dt oy dt oz dt

(2.5)
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where 9% dy dz “are the components of the fluid velocityv . The change in the
dt dt dt

parameter, dM, occurring during the time dt, at the position of a moving fluid

particle which moves from X, y, z to x+dx, y+dy, z+dz during this time, will be:

dM =M (X+dx,y+dy,z+dz,t+dt) - M(x,y, z,t)

M = Mg Mg Mgy, My,
ot ox oy oz

equation (2.5) is obtained if gt _, . We can also write this equation in the form:

M M M oM oM

—=—+—V, +—V, +—V 2.
d o ox * oy Y ozt (26)
and
M _ M G.vm 2.7)
dt ot

where the second expression is shorthand for the first, in accordance with the
conventions for using the symbol V. The total derivative C;—I\: is also a function of

X, Y, Z, and t. A similar relation holds between partial and total derivative of any

guantity, and we may write, symbolically,
i = ﬁ +v-V
dt ot

where v is the fluid velocity and v — o + 9 + 9.

ox oy oz

The Bloch equations become:

dM, oM, M
=—2X+4v.VM, =——*
dt ot T, (28)
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dM, oM, My
e My = MR 29)
2
dM, oM M, -M
Tz:?zJr\,.VMZ:_;/l\/lzBl(x)+$ (2.10)

Considering fluid flow along horizontal x — direction, partial derivatives
along the y and z directions are ignored. Therefore:

M
v-VM =va X

X

M
Y and v-VM, =va|vIZ
OX OX

. 0
Similarly, v- VM =v

Equations (2.8 - 2.10) then become:

dMX_éMXJrVaMX__& )11

dt ot OX T, (2.11)
dM, oM, oM, ML B, () M, )19

= +V = X) ——— )
dt ot x By T, (2.12)

dM, oM, oM, M, - M,
- 4V - yM,B (x)+—2_ "2
praii = ,B1(X) T (2.13)

2.3 The General Bloch NMR Flow Equation

The Bloch NMR flow equations can be written as:

6MX+V8MX_ M, -

ot OX T, (214)
oM, oM, M_B, (3 M, )15

+V——= X) —— :
ot OX et T, (2.15)
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oM oM M,-M
Lt+v—==—M,B (X) + —+= 2.16
p & - MEBM T (2.16)

From equation (2.16), we have:

v%+%+&=—yMyBl(x)+ M,
x o T, T,

or

MO
MZ:(_YMVBl(X)JrT]( o 0 1] 2.17)

Substituting for M, in equation (2.15) gives:

oM oM
Yy
ot OX

M

y(yMyBl(X)+?1°J(+— B, (x)- =~

Vi

My o o 1) M/ o6 o 1) M 6 0o 1
V—|V—+—+— [+—|V—F+—F+— [+ — | V—F+—+ —
x| ox ot T,) ol ox ot T,) T, ox oot T,

- y[—yMyBl (x)+'\¢—1°J By (x)

Sk

(2.18a)

For general pulsed NMR/MRI experiment By(X) in equation (2.18a) will be
replaced by B,(x,t). This is valid even ia a rotating frame. Equation (2.18a) can

then be written in a more general form as [38]:
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, My, M v oMy o*M,  *M
% +V Y v + +—=
ox? ot Tk et a2 T, @
v aM 1 6M 1
T, x EACEER?

By (X, 1) M,

2R 2
=—y"B" (%, )My + T

, OM, o*M
v2 —+2v

y 1. 1|,

+V| —+— |—

ox? oxat T, T,/ ox
oM, o°M

+ i+i _y+_y+ L-I-YZB]_Z(X,t) My (218b)
T, T, ot ot?

YBl(X M,
T

Equation (2.18b) is a general second order differential equation which can be
applied to any fluid flow problem. At any given time t, we can obtain
information about the system, provided that appropriate boundary conditions
are applied. From equation (2.18b), we can obtain the diffusion equation, the
wave equation, telephone and telegraph equations e.t.c, and solve them in terms
of NMR parameters by the application of appropriate initial or boundary

conditions. Hence, we could get very important information about the dynamics

of the system. It should be noted however that the term Fy1By (X,t) is the forcing

function (F, =M, /T,). If the function is zero, we have a freely vibrating system;

else, the system is undergoing a forced vibration.

2.4 The Time - Independent Bloch NMR Flow Equation

For a steady flow, all partial derivatives with respect to time can be set to
zero (time independent). Hence equations (2.11-2.13) become:
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aM, M, (2.19)
dx T, '
My B, () - 2.20
V——-= X)——
dx M. B, T, (2.20)
dM, M, - M,
v =-M,B,(X) + ——=
B - MBI = (2.20)
From equation (2.21) we write:
dMm, M, M,
= — B —_—
V=g = MyBix)+ T (2.22)
collecting the like term in equation (2.22) gives:
d 1 M
V—+— M, =—M B, (X)+—= 2.23
( dX TlJ z 7’v|y 1() -I-l ( )

From equation (2.20, 2.21 and 2.23) we have,

dM d 1 M d 1 yB (X)M
y y 2 2 1 0
V——|V—+— |[+—=| V—+— |=—y"M B, (X )+ ————
dx [ dx le T2 [ Y 1 ( ) (2.24)

d*M dm
V2 y+v(i+ij y+£i+y2812(x)]M _ B ()M,

dx? T, T,)dx |TT, Y T,
d*m dm M
2 y y 2n 2 _ "o
v +VTOW+(Tg+y B, (x))My_—Tl 181(x) (2.25)

Equation (2.25) is a time independent Bloch NMR flow equation [39-46].
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2.5 The Time - Dependent Bloch NMR Flow Equation

For a flow that is independent of the space coordinate, x, that is, the
magnetization does not change appreciably over a large x for a very long time,
then all partial derivatives with respect to x could be set to zero (time dependent)
[38]. From equation (2.3) we write:

dM M M
zZ - _vyM.B o_Tz 2.26
d 1 M
—+ =M, =—yM B, (t)+ =2 ,
[dt Tl] z i y 1() Tl (2 27)

Substituting for MZ in equation (2.27) into equation (2.26) gives:

dm M B, (t)M
_y £+i +_y E.I_l :_fYZBlZ(t)My_F%
dt (dt T dt T,

T T
d’M dMm M
y y 2p 2 0
+To—=+( Ty +7°B (1) |M, =—2yBy (1)
dtZ 0 dt ( g ) y Tl

dZMy 1dMy 1dMy, 1

B,(t)M
A N Y 1() 0
dt T, dt T, d TT,

vy T, (2.28)

M, +7%B2(t)M

Equations (2.18b, 2.25, 2.28) are fundamental equations that can
appropriately guide the generation of MRI signal of any kind in any coordinate.
This is possible because these equations can easily be transformed to known
equations commonly used in Mathematics, Physics and Engineering to solve
real life problems. Some of the equations will be derived in the next sections.

2.6 Diffusion MRI Equation

Starting from equation (2.18b), we can assume a solution of the form:
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M, (x,t) = Ae”" (2.29)

subject to the following theoretical conditions (the limiting case of non
adiabatic small rf limit):

1
7°B,% (x,t) << = (2.30)

172

where prand n are dependent on the NMR parameters and B, is independent of
x and t.

Taking n*> = Ty and 2n = T,

Equation (2.18b) becomes:

o*M oM
v2 8X2y +T, aty = Fy1B,(x,1) (2.31)
If we write
2
Vv
D= T (2.32)
[0}
Then equation (2.31) becomes:
oM y o°M y
P D 7 F 7B, (x.t) (2.33)

This can be written in generalized co-ordinate as [47-55]:

oM,

=DV2M, + F,1B,(x,t) (2.34)

If D represents the diffusion coefficient, then Equation (2.34) is the equation

of diffusion of magnetization as the nuclear spins move. The function
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F, B, (x,t) IS the forcing function, which shows that the application of the rf B;

field has an influence on the diffusion of magnetization within a voxel. It is
interesting to note that the dimension of Equation (2.33) exactly matches that of
diffusion coefficient.

Equation (2.34) is only applicable when D in non — directional. That is, we
have a constant diffusion coefficient (isotropic medium). In a later section
equation (2.34) will be considered for restricted diffusion in various geometries.

This model would work quite well for molecules that move very short
distances over a very considerable amount of time.

where

F == T, :i and T :i+i
T T, LI P

v is the gyromagnetic ratio, D is the diffusion coefficient, v is the fluid velocity,
T, is the spin lattice relaxation time, T, is the spin relaxation time, M, is the
equilibrium magnetization, B,(x, t) is the applied magnetic field and M, is the
transverse magnetization. Solutions to equation (2.1) have been discussed by a
number of analytical methods [12, 21], and for the present purpose it is
sufficient to design the NMR system in such a way that the transverse

magnetization My, takes the form of a plane wave,

2.7 Wave MRI Equation

Based on equations (2.29), we can write equation (2.18b) in the form wave
equation:

o*M o*M
ve 8x2y + atzy = Fo7Bl(X't) (2'35)
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Equation (2.35) only holds when:

1
Ty ===, 2p=-T
77 0 TlTZ 77 0 (236)

In three dimensions equation (2.35) becomes:

a;tl\/2| L =F,B,(r,t) (2.37)

VEVEM, +

In the spherical polar geometries, we can write equation (2.37) as:

O°M, 1M 1 0°M O°M
vz( +o Lo Y = FB(r,t) (2.38)

Y + +
o> r or r* o4 ot?

When the rf B; field is at its peak, it is expected that the angle between the
initial position and the resulting one is x. If the transverse magnetization is

radially symmetric, we can write:

L = FB(r,t) (2.39)

(M, 1M, ) o&°M
v +— +

2 2

or r or ot

2.8 The Bessel Equation

We study the flow properties of the modified time independent Bloch NMR
flow equations which describes the dynamics of the hydrogen atom under the
influence of rf magnetic field as follows [1-10]:

d*m dm
V2 T ,v—2+S(XM, _ MoBi (%) (2.40)
dx dx T,
_2g2 __1 _1. 1
where S(x) =y"B{ () + Ty, Ty = T, To T + T, -
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In equation (2.25), the spin velocityv is constant and distance x can be
defined as:

vexT, =X adT, =X (2.41)
T T

where T, is the T1 an T2 relaxation rates of the spins which may be changing
from pixel to pixel within the distance x. If the MRI signal is sampled when the

applied radiofrequency energy successfully displaces most of the spin unto the

transverse plane (Mo = 0), equation (2.40) then becomes:

X2 d;:ﬂ R dg/)'(y +((k?x2+ g2 M, =0 (2.42)
where
B, (X)) = Gx (2.43a)
k =vyGT,
and
T2
B = Tl°T2 (2.43b)

Equation (2.42) is an equation transformable to Bessel function. When there
is no gradient G, all the spins are rotating at the same frequency and therefore,
in the rotating frame of reference at rotating at w,, the spins appears stationary
with no phase difference. In the presence of gradient G, the spins start presecing
with slightly difference frequencies winding them into a helix and hence a phase
difference is induced. As the gradient strength and/or duration T, increases, the
pith of a helix become becomes smaller resulting in a smaller wavelength and
correspondingly a higher k value.
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The equation for the total MRI signal from a slice in the X, y, pane is:

Sk k, )= j j f(x, y)e " dyly (2.442)

where
k, =,G,T, (2.44b)
k, =G, T, (2.44c)

Equation (2.44) is the fundamental equation for MRI. It gives detail
information on MRI signal within a voxel. f(x, y) is the distribution of the MRI
signal over the slice d, at the time just after the excitation. Equations (2.44b,
2.44c) are the k- values along the phase and frequency encoding axes
respectively. The Fourier transform of equation (2.44) is:

F(xy)=] [slk.k, e """ P dkk, (2.45)

2.9 The NMR Schrodinger Wave Equation

NMR is a quantum phenomenon and like all other quantum phenomena is
best described by quantum mechanics. It will be enormously valuable if
guantum mechanics as a tool for understanding the NMR microscopic nature is
developed in parallel with the growth of NMR Physics. It is our goal to develop
the Bloch NMR flow equations in terms of quantum mechanical wave functions
which can predict analytically and precisely the probability of events or

outcome.

In equation (2.25) It is convenient to use as dependent variable the departure
of the stream function from its classical form and write:
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M, =y (x)e™ (2.46)

where A = % v is the instantaneous velocity of the fluid and y(x) is a special
(6]

function of the transverse magnetization My, which depends on the dynamical
state of the fluid particle. When M, is maximum and M, is minimum (say M, = 0).
For a maximum value of M, (when M,= 0) we can write equation (2.40) as:

d*  y’Bf

— 4
x>  v?

w=0 (2.47a)

subject to the following conditions:

(i) e”™ =0 (2.47b)

(ii) Resonance condition exists at Larmor frequency

f, = B - ©o=0
(i) 7°B2() >> (T, =T,
where ngil TR:LZ and L=1,1
T, 4T? T, T, T,

v denotes the gyromagnetic ratio of fluid spins; w/2x is the rf excitation
frequency; foly is the off- resonance field in the rotating frame of reference. T1
and T2 are the spin-lattice and spin-spin relaxation times respectively, the
reciprocals of T1 and T2 are defined as relaxation rates. rf Bl is treated as
constant and of the order of 1G. The exponential function in equation (2.47b)

can be defined as follows,

e = Z(; (/1:!) _F(x) (2.48)

60 http://www.sciencepublishinggroup.com



Chapter 2 Fundamental Mathematical Formulation for the Theory, Dynamics
and Applications of Magnetic Resonance Imaging

Equation (2.48) is extremely useful in obtaining approximations to
complicated formulas, valid when x is small. In particular, when:

X=4T, (2.49)
Equation (2.47c) becomes:
F(x)=1

Equation (2.27a) becomes the Schrd&linger wave equation in 1-D given by
[40]:

d%y 2
dT"Z”+h—‘2‘(E ~E, () =0 (2:50)
where
2p?2
Vv h

E and E,(x) are the total energy and potential energy of the fluid particle

respectively. Equation (2.48) can easily be solved if E, is constant, with a
solution of the form e*k*_ But if E, varies with x, one may find solution in the

form:
(2.52)

To simplify this problem,

N

Let k(x)= {;—’;(E —V)} (2.53)
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Substituting equation (2.52) into (2.51) gives equation for the x-dependent
phase.

Hence, w(x) satisfies:

d’w (dw)’ >

Note that equations (2.54) and (2.51) are equivalent.

For a free partlcle — = 0. Hence we can neglect the second derivative term

2
(317‘2] in equation (2.54) and this will lead to our first approximationwy in w.

(] (koo
w2 :[k(x)}2

w'y =k(x)

:J_r](-k(x)dx+C

(2.55)

Equation (2.55) is the approximation to the wave function.

Setting up a successive approximation; from equation (2.54), we can write:

(d—wjz i (2.56)

dx?

By substituting the n™ approximation on the R.H.S, we obtain the (n+1)"

approximation by quadrature.

_+j JKX)P +iw, (x)dx+C, ., (2.57)
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Thus, for n=0, we obtain:

w; = J_r]‘\/[k(x)]z +iwg (X)dx +Cy

w, = J_r]saf[k(x)]z +ik (x)dx +C,

It is expected that w; be close to wy, for this approximation to approximate

(2.58)

the wave function.
Hence
|K'(x) << k(%) (2.59)

If condition (2.59) holds, one may expand the integrand in equation (58) and
obtain:

(2.60)

The constant of integration only affects the normalization of W(x). It can be
neglected until the desired approximation is made.

Hence the approximation in equation (2.54-2.60), called WKB approximation,
leads to the approximate wave function.

ii]('k(x)dx
y(x)= e (2.61)
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Taking k(x) as the effective wave number, we can define our wavelength as

2
Ax) = F::)

Therefore condition (2.59) can be re-written as:
d

xR

dx

Consider a turning point and assuming that except in its immediate

<<|p(x) (2.62)

neighbourhood, WKB approximation is applicable. Changing the dependent and
independent variables, we write:

u(x)= k(X (x) (2.63)

And
X 2.64
y = Ik(x)dx (269

By manipulating, we obtain:
d?u | 1 (dk)® 1 d%k
— | —|—| —=—+1|u=0
dy? {4k2[dyj 2k dy? } (265

Substituting the particular value of k(x) given by equation (2.63), the integral
of equation (2.64) can be evaluated, and choosing the lower limit of the
integration as 0, we obtained,

_ JE AmegEx? +ze%x . ze? n JAEEX +\Ame Ex + z€2 (2.66)
Y= Ji2JE 4nig, 4rie, 262 '
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where Yy is the measure of the distance from the classical turning point. Hence

y is small near the turning point assuming the two limits of integration are
close to each other. At points very far to the left or right from the turning point,
WKGB is applicable.

Expressing y in terms of k, and finding its derivative, equation (2.65)
becomes:

d? 5
d_LZJJ{H_SG 2Ju=0 (2.67)
y y

Let us attempt the solution of equation (2.67) in the form:
u(y)= y*_[ey‘f(t)-dt (2.68)
Substituting (2.68) into (2.67) gives,

I[x(x_1)+2xyt+y2t2+y2+3—2}eytf (t)-dt=0 (2.69)

Choosing A such that the terms which are constant in Y vanish, it is
required that:

S
AA1-1)+—=0 2.70a
(A-1)+ = (2.702)
=22 (2.700)
6 36

The remaining expression in equation (2.69) is:

f(0)] 224+ (1412) 2 | -dt =0 (2.71)
Jrto] 2o )

Integrating by part,
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J.f(t)[ZM+(l+t2)%}ey‘ -dt=0 (2.72)

J.{Zktf(t)—%[(l+t )t (t)}}ey‘dujg (1 ?)F(et =0 (273

To successfully construct a solution of the proposed form in equation (2.68),
the integrand in the first integral should be made to vanish and the path of
integration is chosen so that the second integral disappears.

We therefore require:
20 (1) :%[(th)f (t)}
f(t)=F(0)(1+t?)

Using equation (2.70), we can write the general form of (2.67) as:

du +(1+ MJU =0 (2.74)

dy? y?

It should be noted that if U; is a solution, U;_, is also a solution of equation

(2.74).

In deriving the WKB connection formulas,

—joo

ur(y)=y- j (2.75)

and

—io

u (y)= yj

(2.76)

(1t)1
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Recall that Ais not an integer, this implies that t =+i are branch points of the
function (1 + t2)1 2,

The asymptotic expansion of uj and uy are needed in the WKB expansion

for large imaginary values of y. Hence, we substitute in u;—f:

'[:ii—E (2.77)
y
and obtain:
-1
uf(y)=-y*'e WI( T2 j edz (2.78)

For |y|large enough, a reasonable approximation to the asymptotic expansion

of U is obtained by expanding the parenthesis in powers of 5 then integrate

term by term,

()2 ir(ae” @19

Since (n + g) is negative imaginary, the form of this solution is in agreement

with the WKB approximation in the region of negative kinetic energy.

When the variable y is negative real, a different integration path is taken; we
will choose a different limit of integration.

+i eyt
u,(y)=y* [ ——t (2.80)

% (1+t2)17'1

and
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u,(y)~2%ir(1)e™ cos(y + }tgj

(2.81)

This solution also agrees with the WKB approximation in the region of

positive kinetic energy. Unless A is half-integral, uw,(y) and u,_,(y) are two

linearly independent solution.
From equations (2.75), (2.76) and (2.80), we can define:

u,(y)=uz(y)-u;(y)

and

Uz (y) =Up (Y)_ U, (Y)

Near the turning point ¥ = 0 the integral in equation (2.80) gives:

ui(y)=iw
F(ﬁ,+1j

2

y* i+ oly?)

This proves that the wave function in equations (2.46, 2.47, 2.50):

u u
Y=—=o—
s

Jk
y

Perfectly behave well near the turning point.

2.10 Time - Dependent NMR Schrodinger Equaion

(2.82)

(2.83)

(2.84)

(2.85)

At the molecular level the diffusion coefficient of a fluid particle is defined as:
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p-__" (2.86)
2im

Substituting equation (2.86) into equation (2.33) gives the time-dependent
NMR Schrodinger equation:
2
oM, h? 0°M,

. inF
1% = +—2 X, t 2.87
ot 2m  ox? T, A1) (2.87)

We can represent the transverse magnetization M, as the propagation of a

plane harmonic wave in the x-direction in the form of equation (2.29) and write:

M, (x,t) = A (2.88)

where A is a constant, L= ik and n = -i®. Equation (2.88) represents a typical
propagating matter wave where k, measures the wave vector and o, the angular
frequency of the wave. Splitting the transverse magnetization into its space and

time parts in the form,

M, (x,t) = X(X)T (t) (2.89)

we can write
X (x) = Ae™ (2.90)
T(t)= Aje (2.91)

A wave in the x-t space propagates by joint oscillations represented by
equations (2.90-2.91) each of them is capable of exciting the other. By
differentiating equation (2.90) twice and making use of:
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k’n’
E=——+E,(X) (2.92)
2m
we arrive at the Schrodinger’s time-independent wave equation, expressed as in

equation (2.50):

R dX (%)
2m  dx?

—[E-E,(0]X (%) (2.93)

where E and E,(x) denote the total and potential energies of the particle
respectively. Similarly, differentiating equation (2.91) once with respect to t and

making use of the relation:

Wwe arrive at,

_dT(t)
—in=— = =ET() (2.94)

On combining equations (2.93) and (2.94) one arrives at the Schrodinger’s
time-dependent equation.

M () = i8-2 M, (x) (2.95)

where the H operator stand for:

A h® 8P
H=-———+E,(x) (2.96)

2m x>
Equation (2.96) is well-known as the Hamiltonian of the particle. It should be
mentioned that equation (2.95) is the true equation representing the motion of
microscopic particles through a given space. This is applicable even during a

guantum measurement. As long as matter exhibits wave-particle dualism,
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equations (2.93) and (2.94) are both valid and their solutions are readily
obtainable by solving them. The most general wave function may then be
obtained by forming a suitable product of X(x) and T(t).

2.11 NMR Legendre Equation and Boubaker Polynomial

When M, is maximum and M, is minimum (say M, = 0), we can write
equation (2.25) as:

dm dm
AWMy T My Sty (2.97)
dx® v odx VP

1

11
Where To = —+=—, S(x)=v’Bf (x)+——.
T1T2

L T,

If we then write that:
2= Teot™ (2.98)
1
—>==n(n+1) (2.99)

The small rf limiting condition:

>>1°B7 (X)

gives

1 :n(n+1)
TV 12

Tsz \' 2
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where | is a parameter in length or any other unit of distance. It is worthy of
note that equation (2.97) is obtainable from the expression:

2
d My +T_0d|\/|y +S(x)
dx> v odx 2

M, :'\_I/_I—loyBl(x) (2.100)

Under two conditions
1. When the rf B;(x) field applied, has a maximum value, so that M,, is

maximum; and M, = 0
2. When the rf B; (x) field is just removed (so that yB;(x) = 0).

However, condition 1 seems to favour most part of this particular write-up.

Equation (2.97) can then be written as:

+-cot=—>L+=n(n+1)M, =0
x> 1 1 d Zn(n+ My
42M 10055 M (2.101)
- . T dxy+ —n(n+1)M, =0
X sin=

Multiplying equation (2.101) all through by sin?, it follows that:

. XdzMy 1 XdMy
SIN ————~—+ —-CO0S —
I dx? I I dx

+Iizsin|5n(n +1M, =0  (2.102)

It would be noted that:

d*M dMm dM
sin % v 4 Leos X -4 sin X (2.103)
| I dx dx I dx

Hence, equation (2.101) becomes:
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d(. xdMy) 1 . x
—| sin— +—sin—=n(n+1M, =0 2.104
dx(ldx |2|()y (2109
If we define;
X
¢c= cosT (2.105)
and
My _dMy dg_ 1, xdMy
dx de dx I I dg
dM dM
Sinz_y=_1 'nzz_y
| dx | | d¢
but
—sinszzcoszTX—lzgz—l (2.106)

Therefore, equation (2.106) becomes:
2 _1)dmM
d )" -y +isin1n(n+1)My=0
dx [ de 1271

. d d dc .
Since—= i , it follows that:

dx d_g

2_1)dM

d Jl"-1)aMy d—g+isin5n(n+l)My:O

d¢ I dg [dx 12 |

d gz—ldMy(l.le.X

— —=sin— [+=-sin—n(n+1)M, =0 .

dg{ | d¢ ) 12 (n+ M, (2.107)
Y

S ol i KL O +ism—n(n+l)My=0

dg I dg (11 121
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Now, since | is a constant, equation (2.107) can be written as:

d 2 dMy 1 . x 1 . x
—<- —sin—+—sin—n(n+1M, =0 .
dg{( e P LGRS I (2.108)

Dividing all through by lizsin%, it follows that:

d dm
d—g{(l—gz) dgy}+n(n +IM, =0 (2.109)
d?m dm
(1—g2) dgzy -2¢ dgy +n(n+1M, =0 (2.110)

This is the Legendre differential equation and has a solution of the form:

My = Clpn (g)+C2Qn (g) (2.111)

where P, (¢) are the Legendre polynomials of the first kind (which are regular at
finite points) while Q,,(¢) are the Legendre Polynomials [56-57] of the second

kind (which are singular at #1). C; and C, are constants.

It is worthy of note that P,(¢) and Q,(¢) are two linearly independent
solutions to the equation (2.110). We can write that:

My:Pn(G):Myn
{Pn (c)=P, (cos ij}
o (=p°(an-2p) .,
P.(s) pzz" =Dl —2F P (2.112a)
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no (-)P(2n-2p) .,
€)=2.5 p'(n— D) 2p)E (21120
=Eor(n_1)
2 2

whichever m is an integer. We have noted earlier that this expression implies

Cn+|(-1)" -1
- 4

Then,

2n+((—1)”—1
M, ()= > (1)°@n—-2p} .

= 2"pl(n-p)i(n—2p)"

This solution can be written as:

My (<) = (2n —1)(nzln -3)..1

(2.113)
n (-1 oz n(0-1(n-2)(n-3) oy
{Q —2( S 5.2 +}

2n-1) 4(2n-1)(2n-3) °

However, for the purpose of the Boubaker Polynomial problem [44, 59], we
shall write that:

(2n)!

Myn (g)zznn!n!

o -1 oo n(=Y(n-1)(n-2)(n-3) 4,
{G BTY + > G +}

r2(2n-1)° " 2+2(2n-1)(2n-2)(2n-3)

(The expression of equation (2.113) is based on some sort of definition which

is a choice made in order that P,(1) = 1).
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Myn (<) =%
{gn ) 2(:"(:)1‘)(1!) S 2%: j;izn_ i)z()n(;: )_(;)._(?;)1) ¢ } e
For
2(2 : !)n!! =1 (2.115a)
Then, n=0,1.

This condition will cause all other co-efficient of ¢ to be equal to zero, so that:

M,.(s)=¢" (for n=01) (2.115b)

However in addition to condition (2.115a), if we can establish that:

_n-(n-1)
n—4=m
_ n-(n=-1)(n-1)(n-2)
" 2:(2n-1)(2n-2)(2n-3) (2.116)
120 (D102 (-2)(n-3)
2-(2n-1)(2n-2)(2n-3)(2n-4)(2n-5)

It follows that:

_(n —12)(n3—!4)(n -5) o

Since the sum:

(n—8)n —3)ngl _ (n=12)n-4)n-5)

2! 3!

,6+

g_I']
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is given by
2n+((-2)" 1) .
4 _ p-
> T 0y e
p=2 p j=p+1
we obtain:

e (g 2 (2.117)
) {(—fm)n(“—j)}(—l)ps“p

If the assumption would hold for the Legendre polynomials of the second
kind, the procedure can be extended to the transverse magnetization in the form:

M, (5)=Q,(c) (2.118)

2.12 Sturm - Liouville Problem

The Legendre polynomials have the orthogonality property expressed as
follows:

i 2
_[P ()P, (x)dx =oni1 +15mn (2.119)

The reason for this orthogonality property is that Legendre differential
equation can be viewed as a Sturm-Liouville problem:

i{(l_ X2 )i y(x)} = -2y(x) (2.120)

dx dx

where Y(x)=M, and A=n(n+1).
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We shall make an assumption of the form:

T
—"=Ecot5
\% | |

(2.121)
(1 is a parameter to be determined). Hence, the time-independent equation:

d’m dM
ZV_I_E V_I_S(;()Myzo
dx v dx Vv

becomes

d*Mm dMm
Lo X My SKy g (2122)
dx | | dx Vv

= -0
dx Isinll dx  v2 Y
d?2 2.123
sin> v Lops X Dy siniMM =0 ( )
I dx® | I | vz
M
d nx 0y +sin5MMy_O
dx | dx I v2
If n(n +1):I23in5%
- xS(x) 1
siny=3 > n(n+1)
It follows that:
d xdMy ) 1
—|sin—= [+—=n(n+1M, =0
dx( | dx ) 12 (rim,
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dM
i(lzsinﬁ y]z—n(n +M, (2.124)

This is not exactly the same as equation (2.120), but equation (2.124) can be
compared to the form that we stated earlier, that is,

2 o002+ o arly -0

dx dx

Where

p(x)=12 sinl5

and

[a(x)+ar(x)]=n-(n+1)=P sin?s\(/;() = \Il—zzsin ?(yzBl2 (x)+Tg)

However, earlier on, equation (2.109) is given as:
d 2\ dMy _
d—g{(l—g )d—g +n(n+l)My—0
d 2\ dMy B B
d—g{(l—g )—dg =-n(n+1)M, =0

Hence, for ¢ -dependence, we can establish Sturm-Liouvile problem in the

(2.125)

form of equation (2.125).
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2.13 The Diffusion - Advection Equation

The diffusion - advection equation is a differential equation describing the
process of diffusion and advection. For the investigation of the diffusion
process of magnetization in a fluid moving at a uniform velocity which is
constant in time, we have to take the process of advection into consideration.
The equation which describes such a process is known as the Advection
equation. The advection equation is the partial differential equation that governs
the motion of a conserved scalar as it is advected by a known velocity field. It is
derived using the scalar's conservation law, together with Gauss's theorem, and
taking the infinitesimal limit.

The diffusion - advection equation (a differential equation describing the
process of diffusion and advection) is obtained by adding the advection operator
to the main diffusion equation. In the Cartesian coordinates, the advection
operator [58] is:

where the velocity vector v has components v,, v, and v, in the X, y and z

directions respectively.

Therefore, from Equation (2.18b),

’°M ’°M oM oM
V2 Y 4+ 2v Y VT, — L+ T, —
ox? oxot X ot
°M
y 2p 2
+ pe +{Tg+y B, (x,t)}My
= oyBl(X't)

we can write:
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6;'\/: Y+ 2v 6ale\2ty + {Tg +y2 Blz(x,t)}M , =0 (2.126)
It then follows that:

v? a;:/:y +VT, agﬂxy +T, a'::ty = F,7B,(x,1) (2.127)

vT, ag/lxy +T, agy =—v? %+ F, B, (x,1) (2.128)

If we multiply Equation (2.128) all through by Ti it follows therefore that:
]

oM, oM v2 oM, F
v—r Y= L+ 2B (x,t 2.129
ox ot T, ox2 T Bixt) (2.129)

0

where
VZ
D=—— 2.130
T ( )
hence,
oM, oM, 0*’M F
v + =D L+ —24B, (x,t 2.131
x ot x0T Bixt) (213D

0

Provided that D is the diffusion coefficient, and since v is the fluid velocity,
equation (2.131) is the diffusion — advection equation for the NMR transverse
magnetization. It is very interesting to note that equation (2.131) exactly match
the advection equation without any special transformation whatsoever.

2.14 The Euler NMR Equation

Based on equations (2.18b) and (2.29), we can define for constant fluid

velocity v, and y?B? field:
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nTo = _Tg ; VMTO = ,YZ Bl2 (2132)

or
nT, =v?Bf; T, =T (2.133)

When the maximum NMR signal is received at maximum rf B, field and M,
=0, equation (2.18b) becomes:
2 2 2
) 0 My 0 My 0 My

v s +2V +——==0 (2.134)
OX oxot ot

This equation can also be derived for the following rf limits.

For 2B} « T, equation (2.18b) becomes:

V2 azwzly+2v62My+82N2Iy =0 (2.135)
OX oxot ot
provided that:
Nl +vul, =T, (2.136)
n=vu (2.137)
20T, =T, (2.138)

Equation (2.135) is called the Euler’s equation.
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2.15 Analytical Solutions to the Generalized Bloch NMR
Flow Equation

It may be very important to solve equation (2.18b) analytically for various
applications as highlighted in the editorial introduction.

Equation (2.18b) can be written as:

2 2 2
LM, M, oM, oM

v +ov—2 4 +Tv—2
ox? oot ot? X
oM (2.139)
+T07y(yzBf(x,t)+Tg)My
= oyBl(th)
where
1 1 1 M
To=c+—,T,=—=, F, =20
T1 TZ T1T2 Tl

Because of the difficulty involved in solving a differential equation which
does not have its coefficient to be constant, we shall consider the case where:

T, >>y*B/ (x.1)

Equation (2.139) becomes:

, M, ) M, oM, LMy My
v +2v + +Tyv + +
ox2 oxot o2 0 ox Yot 9 (2.140)
=FoyBy(x. 1)
Assuming a solution of the form:
My(x,t):Zun(t)sin%+ZUn(t)cos% (2.141)
n=1 P n=1 P
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(p is a term which has the same dimension as x). It then follows that:

oM >
¥ _ Z( JU (t)cosw - ( jU (t)sin fmx
ox n=1 p P n=1 p p

—Z(nn] U (t)smnix— {Mj U (t)cosnix
—~\p p

n

82|\/|y © {nnjdun nmx (nnjdun . nmx
=Y | — |—=2cos—- ) | — |[—"sin——
oxot &\ p ) dt p “Slp) dt p

aM o0 o0
— :Z—dU” sin@+22—dUn cos X
ot —~ dt p —~ dt p
M, & dU, . nax & dU nmx
y _ o
e _Z dtZ“\,m—+Z—dt2” cOSs ——
n=1 - p

Equation (2.140) then becomes:
—VZZ[n j U sm%—vZZ(nn]
n=1 p
nmx [ nm nmx
C0S——+ 2V — |—cos——
p nz_;‘( P j dt

p
© 0 2 0 2
—ZVZ(M]—dU" sin@Jrzd li” sin@+z:d li“ cos X
up ) dtop = dt P43 dt P
B . (2.142)
wLT()vZ:(M]Uncos%—TovZ:[ijn
S\ P p S\ P
nmx dU i nrcx dU nnx
n
P n-1
5|n—+T Z U, cos X = FyB, (x, t)
n—-=1
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p dt p p
+T,U, sin ™ _Tov ( jU sm@—vz(nnj U, sin ™%
P P p
du du
+T, 0 cos X 4oy OF “cosnLX+TgUn (2.143)
dt p p ) dt p '
cos X, +T,v [n}”ju cos X 2(”—7:] U,
P p p
cosm”—x+T0 (MJU cos@—vz(n—nj U, cos X
p p p p

i{dzun
2
n=1 dt

nrt \dU n )’ nmx
ZV[nj D+ T,U, - v[njun—vz[nj U, tsin =
p ) dt P p p
o0 2 2
. d li”+ dU”+2v[n—nde“ 2Un v(ﬂjun—vz[ﬂj U, Loos X
| dt dt p ) dt p p p
=Ry vBy(x,t)
o0 2 2
PR e PR AL dU (Tg—Tov[n—n)—vz (”lj )U, fsin =X
<\ dt p p p
2 2
Z d°v D4 (Ty+2v T au, g+T0v[n—nj—v2(n—nj )U, Loos T
n=1 dt? p’ dt p p p

=FyBi(x.1)

(2.144)

Multiplying equation: (2.144) all through by cos 7% it follows that:
Yo
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&y, dU ’
B B s (3]

n=1

nmx _ pmX
sin——cos——+

PP (2.145)
= | d?U,, vnr, dU, nn S( nm ?
Z L+ (To 2—) (Tg +T,v —j—v (—) W,
| dt dt P p
cos%cos% =FRyyBy (X, t)cos%

P P P

Integrating both sides from 0 to p with respect to X, we have:

o 2 2
> Yo, (1y-2v "5 L +(Tg—T0v[Mj v (””j U,
00| dt p  dt p p
smnicos@dx+

P p

n,d n n)
[ 2 1, m 22) 2,  0240

nmx
C0S——C0S—— prX dx

[ P
= Iop FoyBi (x, t)cos prx dx
p

However, for the integral on the LHS of equation (2.146) to be valid, p = n,
so that:
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but

and

o 2 2
J'pz 4Un (7, —2v 1T 2 (T, =Tov| 22 |-v2| 22|,
0 dt2 p’ dt

el p P
. NmX ___ nux
sin ——cos——dx +

P P

[e'e] 2 2
J.pz d L;” +(T()+2m)—dUn +(Tg + T,V n_ﬁj_vz (Ej U, (2.147)
041 dt p ~ dt P p
cos? ™ 4x

p

= IpFoyBl(X,t)COSrm—XdX
0 p

2 2
TUn 7y -2y | L p gy M2 0Ty
dt? p ) dt p P

P nNmX nmX
IO sin ——cos——dx

P p

2 2
L&Y, +[To+zvﬂj%+{n,+T0v“_“_v2[“_"J ]Un (2.148)
dt

dt?

p p p
p nmx
I cos? 2%

0 p

P
=J-0 F,vB;(x,t) cos ™ dx
p

P . NmX nmX
I sin —— cos ——dx
0

p p
P
= plfsin 2nTtxdx:li —cosZm
02 p 22nm P
p

=——[-cos2nn+1] =0
4inw
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P 5 NNX
J. cos? ——dx
0 p

Pl 2nnxX 1 p . 2nmX :
:.[ —| 1+cos X ==| X+——sIn
02 p 2 2nn P

=1 p+Lsin2nn—O =
2 2nm 2

Equation (2.148) becomes:

2
p &y p T,+2v™m | W Phr emv v Iy,
2 dt2 2 p)dt 2 p p

p
= FO-[O vB; (X, 1) cos ™ gx
p

2 2
LIS LY L R VLS L3 I T
dt? p ) dt p p

2F e
=—2 I vB, (X,1) cos X i
p o p

We can write;

e +21—dt" +&°U,

d?u, du, ., ., _2F
P

(x,t)cos DX dx
P

2

n
where 21_T0+2v— g =Ty +T, vy [ nj
p p p

The homogeneous equation of equation (2.150) is given as:

2
4, . 4,

+2r—L2 48U =0
dt? dt U
Assuming a solution of the form:
U, (t)= Ae?

(2.149)

(2.150)

(2.151)
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du
" = BAe”
dt P
du,
halll Y, L VYL
dt? g

Equation (2.151) becomes:
B2Ae” + 2y(ﬂAeﬂt)+§2Aeﬁt =0
BZ+2tB+52=0

It follows that:

ﬂ:_zfi(_w;wj%

if we let 72— &2 =A2,,B:—2riz7A

L=—T+Aor f=—T+-A
Therefore,

Un(t) :Ale(f‘HA)t +Aze(frfA)t
:Ale—rteAt +A2e—tte—At

2.152
=e ™ [AleAt + Aze‘m] (2.152)

U, (t) = (acosh A, t+bsinh A, t)e™

where a=A +A,, b=A —A,, e =cosh At +sinhAt, e ™' = cosh At —sinhAt
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It is worthy of note that the form of our solution is as a result of the fact that:
(2c) —4£% > 0.
Equation (2.152) is the complementary function of equation (2.150).

We shall find the integral solution to the equation (2.150):

d?u,
2

dt

du, 2R

+2r +EU, = j;Bl(x t)cos—dx (2.153)

If we take the Radio frequency field to be a sinusoidal wave travelling
towards the right (in the positive x-direction), then we can either have:
Case (i)

1B (X, 1) = Acos(kx — et ) = ACOS[ZTﬂX - a)t]

Case (i)

Bi(xt) = Asin(kx - a)t) = Asin(ZTHX _ a)tJ

(where A is the amplitude of the rf wave).

When the rf field is just removed, we have:

d?u, du 5
+2r—2 4+ U, =0
dt2 T dt 5 n

and the solution would essentially be equation (2.152):

= [acosh A, t+bsinh A, t™

It would be recalled:
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M, (x,t) = Zun(t)sin%JrZUn(t)cos%
=1 =1

Applying the initial condition:
M, (x,t)=0;

M, (x,0) :Z:UH(O)sinn77zx+Z:Un(O)cos%ZX =0
=1 =1

. . Nax n7zx
since Sin— # gand cos— =0
P P

U,(0)=0

acosh 0+bsinh0k® =0
[ k

acosh0+bsinh0=0
a=0

(since cosh0=0)

Therefore,
U, (t)=(bsinhA,tle™ (2,150
U, (t)=besinhA,t
then
M, (x,t) = > be "sinha, tsin " + Zbe"tsinhAntcosn%x (2.155)
n=1 n=1

(where b is an arbitrary constant).
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It is important to note that this method of solution to the problem requires
that p be a sort of boundary condition parameter such that p tells us either:

(a) how far the radio frequency wave can travel in the x-direction, or

(b) how far we can allow the radio frequency wave to travel in the x-direction.

The value of p can then be determined by the theory of NMR Physics or in an
NMR experiment.

Secondly, this method of solution will work best if p = mA (where A is the
wavelength of the radio frequency wave and m is a number whose value must
be determined).

We shall evaluate the integral in equation (2.153) in order to determine the
particular solution and hence the general solution of U,(t) when B;(x,t) # 0.
The integral cannot be solved unless m is known. However, if we assume that
m=1, so that we will have a representation of what the actual solution (for

which the value of m is fixed) looks like:
Case (i)
27X
2B, (X, 1) = Acos(T - a)tj

Equation (2.153) becomes:

2
dﬁ+21%+§2un _ % Ajpcos(zix—mt}osmdx. (2.156)
dt? dt AL Jdo A A

In the integral,

A
% [ COS(Z%X _mt}os“—;:)‘ dx (2.157)
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A
I :I cos(z%x—mtjcos%dx

0

A A
= cos(zix—a)tjlsinnix —J —2—nsin[2ix—vw Asinnix dx
A nmw A g J0 nw A

A
=lcos(2n—wt)sin nrc—0+@l sin 2Lx—cot sin 1% x
nm A nmJdo A A

but Sin nz=0:

)
n A
» A
=E Sin(zix—mt].—Lcosm —j ZLXCOSKZLX—mtj.—LCOS@dX
n A nr A o 90 A A nm A

2 & . (2nx nx [© 2 ¢ 21X nmx
=—<J| ——sIn| — — ot {[coOS—— +—J. cos| — — ot |cos——dx
n nm A A o nvo A A

20 A . Ao 2
I, = 24— Lsin(2n— ot) + —sin (-ot)cos0 + = |
1 n{ nT[sm( T m)+nnsm( ot)cos - 1}

28 . 28 .
I, = nTnsm(21c—o)t)cosnn+Esm(—mt)+n—2 I

2

28 . 28 . 4
l; = ——=sin(2n - ot)cosnt ———sin ot +— I;
n“n n-m n

but since sin(—at)=—sin ot and,
sin(27z — at) = sin 27z cos at — cos 277 Sin et = —sin it |

we have:
ly =—L(—cosnnsin ot+sinot)
(n2 —4)7‘C
I, :L(cosnn—l)sinmt
(n2 —4)75

The integral (equation (2.17)) becomes:
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4AF,
(n2 —4)7c

and we write equation (2.156) as:

(cosnm—1)sinot

d’u, du, 4AR _
+21— +8%Un = ——29 (cosnm—1)sinot
e e G _4)n( ) (2.158)

If we assume a solution,

U, (t)=Pcosot +Qsinet (Particular solution)

du .
dtn = —Psinot + ®Qcoswmt
2
ddL:” = —®?Pcosmt — »?>Qsinmt
t

Equation (2.158) becomes:

(—(DZPCOSLOI - szsinmt) — 20tPsinot + 20tQcoswt + E2Pcosot + £2Qsinwt

A s
(n2 —4)n

+[(E_,2 —? )Q - ZwrP}sinmtﬂ(cosnrc—l)sinwt

(n2—4)n

(£2 —0?)P+201Q =0
201Q

(g7-07)
(52 —a)z)P +20P = (jii’);(cos nz-1)
n —
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40°1°Q  4AR

(‘: )Q+(§ _mz) (nz_ﬂr)7T

(az —(DZ)Q+4(02‘CZQ _ 4AR
(E2 — 0?) - (n?-4)n

(cosnm—1)

(cosnm—1)

_ 4AFR, (cosnt-1) (ﬁz —032)
(n2—4)n (&2—m2)2+4m2r2

20t 4AF,(cosnn—1) (‘22 - 602)
_<E,~2—032) <n2—4)n (&2—w2)2+4m21:2
4AF, (cosnm—1) 201

(n2 ) (az _0)2)2 R

Therefore,
U (t)=- 4AR; (cosnmt—1) 201 cosot
' (n2—4)n (ﬁz—m2)2+4w212
(2.159)
_ £ — @’
| AR (cosnm—1) ( ) sint

(n2—4)n (E_\Z—mz)2+4(o2r2

Hence the general solution for U, (t) is:
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4AF -1
U, (t) = [aCOShAnt+ bSinhAnt]e—rt _M

(n2 —4)n
201 cosot + AP (cosnt—1)
(@2—m2)2+4m212 (n2—4)n (2.160)
(éz ~ wz) |
(&2 ~ 0 )2 + 40t et

Using the initial condition, M,,(x, 0) = 0, it follows that:

c X nzx
M, (x,0) = nz_llun (O)smT +nz_1:Un(O)COST =0

where U, (0) = 0. That is,

[acosh0+ bsinh0]e? - AR (zcosnn -1 ZO;T cos0
(n _4)“ (éz —032) + 4w’
(& -o")
4AF, (cosnm—1) > sin0=0a=0, (2.161)
(n2_4)” (éz—mz) + 40272
4AF, (cosnm—1) 201 0

(n2—4)n (%2—0)2)2+4c021:2
then,

AAF, (cosnm-1) (ﬁz —o’ )

(nz _4)n (iz _mz)z R sinot

U, (t)=be "sinhA, t+

Therefore,
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My (x,1) = Zbe sinh A tsm%x

= (cosnm—1) (F;Z—coz)
~ (n*-d)r (&% -0?)+do’t

+4AF,

. X
sin otsin—
2 2 y

> it [1719.4
+Zbe sinh A, tcosT

2,2

© _ 22
+4AF Z(cosnn Y > (& > o) sinotcos X (2.162)
(n N (E°—o)+dot A

: . NMX ¢ : nmx
My(x,t)=Zbe”tsmhAntsm%+Zbe’“smhAntcos%
n=1 n=1

2 2
Z (cos nn4)i) = (i) ;f4)®2 ~sin cotsinn%x

Z(((:::S ri)i) = (F:D ;+4)®2 ~sin mtcos%

Case (i)

Bi(xt) = Asin(ZTﬂX —wtj ,

Equation (2.153) becomes:

d?u, du, _, 2AF, ¢* (27‘5 )
+2r 850 22y = 0% [Toin £ Lot |cos ™ dx 2.163
aZ g e Io x 2 x (2.163)

and

2AF, % . (27x
n[ X ot |cos ™ d
), ( . j s——dx (2.164)

let
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A (27X nmnx
'2:_[ sin| — — ot |cos—adx
0 A A

. (27X A . nuX * A 2m 21X A . nuX
I, =|sinf ——-ot |—sin— | —| —cos| — —wt |—sin—adx
A nw Loy Jo A nm A

2 27X . nNmX
:——j cos| — — ot |sin——dx
n A A

2 21X A nmx o A2n . (2mx A nmx
l, =——4|cos| — -t |.——cos— | - | —sin| — —wt |[—cos—dx
n A n , 90 A A nmw A

20| A 2mX nx | 2 ¢h . (2nx nmX

=—{| —c0s| — — ot |cos—— +—I sin| —— — ot |cos——dx
nilnm A A ], ndo A A
2([ 2 (2nx nx |- 2

=—4q| —cos| —-ot |[cos— | +=1,
nilne A A n

= E{L cos(2n — ot)cosnm— Lcos(—mt) + 2 Iz}
n(nn nm n

but COS(—at) =cosat gng €os(2z —at) =COSat it follows that:

2k 2k 4
|, =——coswtcosnnt———cosot +—:1,
2 2 2
n-m n-m n

Re — arranging the above equation gives:

=-————(cosnrn—1)cosmt

Equation (2.164) thus becomes:

4AF,

———(cosnm—1)cos wt
(n2—4)n( )

Then equation (2.153) can be written as:

d?u, du, ., 4AF,
+21—L +E°U, =—2—(cosnm—1)cos ot
2 g e (n2_4)n( n—1)cosw (2.165)
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If we assume a solution of the form:

U, (t) = pcosmt +gsin mt

du, (t .
#():—mpsmcowchosm
d?U, (t) » -
?:—m p cos ot — wgsin ot

Equation (2.165) becomes:

—w2peosot — v’gsinet — 2topsinet + 2togeosot

+E%pcosot + E2gsinmt

- %(cosnn ~1)cosot [(&2 o’ )P+ quJ cosot
n’-4)n

+[§2 - quZTmp}sinmt

= %(cosnn—l) COSO)'[(E‘,Z —wZ)P + 2100
n“-4)n
=0
q= 270 0
(&%-0?)

(&* - 0®)p+4c’e’p _ 4AK (cosnn-1)
(&°-o?) (n*—4)n

_ 4AR)(cosnn—1) (iz —602)
= (n2_4)7|: (&2—032)2‘1'4'52032

_ 4AF, (cosnt—1) 201
(n2_4)TC (422—(02)24'4‘[20)2
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4AF, (cosnrt—1) (3';2 —0)2)
<n2_4)75 (&2—w2)2+4m2r2
4AR, (cosnt—1) 201
+ 2
(n2_4)“ (éz—(nz) + 4’1’

u,@) = coswmt

(2.166)

sinmt

Equation (2.166) is the particular solution. The general solution for U, (t) is

given as:

U, (t)=[acoshA, t+bsinhA t]e™
AR (cosnr-1) (ﬁz -’ ) coso
(n*-4)n (&7 -0 )2 +40?? (2.167)
4AF, (cosnt—1) 201
(n2—4)n (éz—m2)2+4m212

sinot

Again, the initial condition, M,,(x, 0) = 0 requires that:

U, (0)=0
4AF, (cosnmt—1) (%2 —602)
(n2 —4)7: <§2 . )2 + A2t?
4AF, (cosnm—1) 201
+ 2
(nz —4)7: (ﬁz —032) + dt?

[acosh0 + bsinh0]e® + cos0

sin0=0

This implies:
4AR, (cosnt—1) (éz - Q)Z)

a=0, =0 2.168
(n2—4)ﬂ: (5_,2_0)2)24‘4'520)2 ( )

4AF, (cosn-1) 201
(nz _4)“ (ﬁz —w2)2 +4p°t?

U, (t) = be sinhA, t + sinot (2.169)
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then,

cosn 1
M, (x, 1) Zbe‘“smhA tsin X y +4AFOZ (cosnn—1)

n=1 n=1 (n —4)
2 X . nmx
+smwtsm LZ be ™ sinhA, tcos
2 2 2.2 A= A
(& -0 ) +40°t n=1
(cosnm—1 2 . nmx
+4AFOZ ) ot sinot cos ——

S (n°-4)n ™ (e co)+40)21:2

M, (x,1) Zbe  sinhA tsm—+Zbe‘Tt SinhAntcos%
n=1

(2.170)

-1
+4AF, Z (cosnz 1) 202” sinotsin X
n=1 (n ‘4) (§ —0)2) +40°7?
-1
+4AFOZ (cosnz 1) 201 sinot cos X

n=1 (n _4)“ (&2—m2)2+4w212

In equation (2.170) the following parameters are defined:

. 2vnt T, vn
(i) 2t=Ty+ b= 0 0T
2 A
2-To g vnm 2(%)
4 ° A
.. Tovnm nm z
1 2=T,+2 —vz[—j
() S =Tty A
2 2
AZ =% _g? To 2( M)+ 20T
4 b4 9
2 2
(iii) T +2V2(Ej
4 9 A
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(iv) 207 = 20{3 4 ﬂj T, + 2mVNT
2

2
4?1? = [wTo + 2""’”") @212 + 402T, YT | 402y [n”j
P x x

2.16 Solutions to the NMR Travellling Wave Equation

Based on equation (2.35), the NMR wave equation can be written in the form:

’m %m
v? 6x2y+ atz = FoyB(t) (2.171)
or
%M %M
2 axzy =- at2y+F0yBl(t)
’m
UZ axzy = FOYBl(t) 6t2 (2172)
In generalizing equation (2.172), we write:
VV2 M, = FoyBy(t) — & - (2.173)
In the polar coordinate, equation (2.173) becomes:
%M 10M, 1 M oM

Case (1)

For a steady state condition, —= My _ = 0, and equation (2.174) becomes:

’M 1 M 1 9*Mm
V ( ar2y+r ary + T_Z a¢2y):FOyBl(t)

(@) The homogeneous equation gives:

9’My 1 0My 1 0°M,
or? r or r2 2

VA( )=0 [Mo=0o0ryBy(t) =0]
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And the solution follows exactly as in the case of the diffusion equation, that

M, (r, ¢) = % +Xu=17™ (4,, Cosmg + B, sin m¢) (2.175)

(b) The inhomogeneous equation is:

2 2
My  10My, 1 M,

or2 r or 2 9¢?

V2( ) = FovBi(1)

We need to give a definition to the function y B, (t) before solving it.

Case (ii)
M, B ]
IfF # 0 and my =0 or yB,(t) = 0, (2.4) becomes:
2,0°My  10My 1 0°My,  0°M, 2176
ViGe i o 2 a¢2)_ at2 (2.176)
We can then write that:
0*M, 1 OM, 1 02M, 1 8%M,
o i T g T v e (2.177)
By the method of separation of variables we have:
My, = R(r) ©($)T(t)
My _ TR XMy _ qqp 3R My _ prod My o020
ar ar’ orz (DTarZ’ ¢ _RTa¢’ 2 _RTaqu
oMy, ar a’My a*r
ot at’ at? _R(Datz

Equation (2.177) becomes:

d°R  ®T OR  RT 0%® RO 0°T

OT— + b = —
or2 r or r2 92 V2 gt2

Multiplying all through by ﬁ,
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162R+1 6R+ 1 0°0 1 10°T
Rar2 " rR or  r20d¢p2 V2 'Tot?

Both the RHS and LHS must be equal to a constant: —a?

10°R 1 0R 1 0%0 1 10°T 5
e t st e = oy = @
RAr?2 rR or 1r2®a¢? V2 T ot?

10°R 1 0R 1 9%*D 5

et =t e = —a

ROr? rR or  r?®0d¢?

r?9%R | TrOR  109%0 _ 32

R or? Rar  ©ap2 a-r (2.178)
T 5 5
5z = av T (2.179)

If we assume that:

T=Ce™
Then equation (2.179) becomes:
m2 = a2p?
m = tav

T(t) = CleEHJt +C29_th (2180)

Equation (2.178) can be written as:
1020

r262R+r6R+ " g
Rorz " Rar 7 T T g2

This equation must also be equal to a constant 2,
r262R+raR+ , ,  lo*0
Rorz TRor T4 T Toag2 P

Where
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PR L TOR 4 h2,2 g2
=5z TRy tart = B (2.181)
and
1020 5
Yol B (2.182)
From (2.181), we obtain:
2 0°R oR 2,2 _p2\p —
rar2+rar+(ar B°)R =
A solution of which is given as:
R(r) = AJg(ar) + BiYg(ar) (2.183)
From (2.182), we write that:
Z%’ - _B20 (2.184)
If we assume that:
® = pe?,
it follows from (2.184) that:
n? = —p*
n = +ip
Therefore, ®(¢p) = P,elf® + Pe PP
From which we have that:
(2.185)

®(¢p) = PcosB¢p + Qsinf¢p
P= P,+P,, Q= i(P,_P,)

Therefore,
My = {Cie®"" + Cre™** } {AJg(ar) + B;Yg(ar)} {Pcospd + QsinB¢ (2.186)
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We can then make use of the appropriate boundary condition as required.
Case (iii)
oM
If 6_ty # 0 and, M, # 0 and yB;(t) # 0,

+ FoyBy(t)  (2.187)

0°M 1 0M 1 9*’M
y+ 4 - y)__a

arz  r or r2 a¢2 6t2

vi(

If we write that;
My (r,@,1) = X(r, @,t) + Y(t)

oMy _ ox 9°My _ 9?X OMy _ 9x 9°My _ 9’k OM, _ 09X + Y
t 1

ar _ or’ arz  arz’ a0 a¢pr  9¢?’ at
’M 92X "
y — 9°X
atz  ~ at2 +Y ()

Hence equation (2.187) becomes:

10X , 1 02X -9%X "
V2(37+;E r_2(3T‘>2):7+Y(t) (2.188)

If we simplify the problem by assuming:
Y'(t)= 0,

Then equation (2.188) becomes:

10X 1 92X -0%X X
(arz r or 1'2 92 )= (2189)
2 2 2

X 19X 10X 19%X (2.190)

oz 't or r2 d0¢? v 0t?

The solution to this equation is:
X(r,d, ) ={Cie™* + Cre™™* }{A Jp(ar) + B;Yg(ar)} { Pcospd +
QsinB¢}

Therefore, the general solution in this case is:
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My(rcq)’ t) — {Cleavt + Cze—avt}
{AJg(ar) + B;Yg(ar)} { PcosBd + QsinBd} + y(t) (2.191)
Case (iv)

If M,, is radially symmetric, it does not depend on ¢ and if FoyB,(t) =0,

we have:
2,0°My | 10My,  9%M,
v ( or? r or )_ ot?
oM 10M 1 0*M
wtie = v e (2.192)
By the method of separation by variables, we have:
My = R(r) T(t)
My _ ;0%R OMy _ L 0R My _ 5 0°T
or2 or2’ or ar' ot? at2
Equation (2.192) becomes:
0%R T 0R R 92T
Tt i =™ vom
Multiplying all through by %,
1 0%R 1 dR 1 10%T
Rorz T mRor = v Tor (2.193)
It follows that:
162R+ 10R 1 10°T _ 2
R 0r? rRor = v2'T ot2
Where we have:
102R  10R X
——+t —— = -2
R or? rR or

http://www.sciencepublishinggroup.com 107



Theory, Dynamics and Applications of Magnetic Resonance Imaging-|

9%R 10R 2 _
5z + T + AR =0 (2.194)
and
1 10°T _ .3
vt - A
62T _ 2.2
= = AveT (2.195)

The solution of equation (2.194) is given as:
R(N= PJo(Ar) + Q2y0(A1)

To solve equation (2.195), we write:
T(t)= De™

Then equation (2.195) becomes:

n2 = A%v2
n==4Av
Hence,
T(t) = D;e™t + D,e ¢
Therefore,

M, (r,t) = {D19Mt + Dye~Mt }{ PyJo(Ar) + Q2y0(AT)}  (2.196)
We can then apply the boundary conditions as appropriate.

2.17 MRI Bessel Equation

We study the flow properties of the modified time independent Bloch NMR
flow equations which describes the dynamics of the hydrogen atom under the

influence of rf magnetic field as follows:
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d’™M dM
Vi—>+TV—=+S(X)M, _ M8, (9 (2.197)
dx dx T,
where
S(x) =y?B3(x)+T,, T, L
1 g’ g T1T2 y
o1, 1
Tl T2
However, if the fluid velocity is dependent on x as follows:
v ==X (2.198)
S

where & is the time required for the spins to cover the distance x. Since v is no
longer constant, we may write:

d*M dv) dM M 7B, (x)
2 y uv y _Yo/P _
v ol +[T°+dxjv ™ +S(XM, T (2.199)
d’M dM M,vB
vi—7 +(TO +ljv—y+8(x)My _MarBy(x) (2.200)
dx o) dx 1

If we design the radiofrequency field such that:

vBy(X) =iax’, a:y—?, r=1 (2.201)

where G is the gradient magnetic field, y is the gyromagnetic ratio and 7 is the
length of time for which the gradient pulse is applied and the time & is defined
as:
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LT

= _—_—— 2.202
T+T, ( )

If the NMR signal is sampled when the applied radiofrequency energy
successfully displaces most of the spin unto the transverse plane (M, = 0),
equation (2.197) then becomes:

, dM dm ¥ L
v dX2y+2TOV deJr((%j x +_|_1::_2]|V|y—0 (2203)
(R T,4T,)( 7T, |dM 1 (1, Y
2 y 171 12 |17y | 2,2, 11 Il _
gy +2X[ 1T, J[T1+T2] ax 1 e +T1T2[T1+T2j My =0 (2.204)
If we also set,
k=vGt
and
T,T. T
pr=—12 =2 (2.205)
(M+T) ()
we may therefore write:
d*m dMm
x2—y+2x—y—(k2x2—B2)M =0 (2.206)
dx® dx y

Equation (2.206) is an equation transformable to Bessel function [60]. Since
we require that the transverse magnetization be finite as x tends to infinity, the

solution is given as:

M, (X) = C;\/xJ, (kx) (2.207)

where:
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N1=pB7 (2.208)

Phase of the Spin

In equation (2.205), if we set:
a =kx (2.209)

dM, _dM, do _ dM,

dx do dx da

2 2 2
d*™M, d My(d_aj2+dMy(jZ_a= , d°M,,
dx?  da? (dx do dx? da?
Equation (2.206) becomes:

d*Mm dm

k?x? —¥ + 2kx y+(k2x2+[32)My:0
do? do
d*Mm dm

o? 2y + 20—~ +(oc2 +B2)My =0 (2.210)

do da

U
M, =— (2.211)
o
dM, ~1du U
- -2
da ada «o (2212)

d’M, 1dU _2du 2u
da? ada? a?da af

Hence, equation (2.211) becomes:
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2
ad_u_zd_u_{_g +(2d_u_£)+(a2 +ﬁ2)E=O
do? doa «

doa o a
d?u > o U
o +(oc +B )g=o (2.213)
d2uU B2
—+|1+— |U=0 2.214
do? ( aZJ ( )

Based on the Short Gradient Pulse (SGP) approximation [66], the parameter
a represents the phase of the spin such that the effect of a gradient pulse of
duration t on a spin at position X is given by, neglecting the effect of the static
field,

r(x) = YG 7 = $(X) (2.215)

Hence, if we consider the phase change of a spin which was at position y,
during the first gradient pulse and at position y; during the second, then the

change in phase in moving from y, to y; is given by

Ao (X, —X%,) =7GT(X —X,) (2.216)
Therefore, we see that:

g T
o’ (POOT,)?

(2.217)

2.18 Equation of Motion for Pulsed NMR

In a typical MRI procedure where G is the pulsed gradient applied for the
length of time t, equation (2.40) becomes:
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d’M dM 2 2 M,yB
2 y y c 2, © B, (X)
e Bl tXo— +{(y Gj XE = ]Myz—o_l_l (2.218)

where

and

For 90° pulse M, is minimum (say M, = 0), we can write equation (2.218) as:

d’M dMm 2
x2 Y+ xo—2L 4| (1G1)* X2 + — M, =0 (2.219a)
dx dx T,
d’m dm 2
x> Y +x Vil (022 +— M, =0 .
o e O My (2.219b)
where
1
—=t (2.220)

Equation (2.219) is a general form of an equation transformable into Bessel
equation of order B with parameter k. In equation (2.219), the flip angel is
defined as:

O(rad) =y(rad sec™ G)(G)r(sec) (2.221)
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Fig. 2.1 The NMR Pulse sequence.

Equation (2.219) presents new ways of generating the NMR signal using the
Bessel functions. As shown in figure 1, the experiment is started with ag pulse,

following which the magnetic vector M, precesses in the plane perpendicular to
the direction of static magnetic field B, and free induction decay (FID) occurs.
The maximum amplitude of the FID is measured to obtain a voltage-amplitude.
After a delay which is typically of the order of 10ms, a = rf pulse is introduced.
Following another interval t, the magnetic spins recluster and a spin echo
voltage signal is observed. The voltage amplitude of the spin echo is taken as
proportional to M,, equation (2.219) is then solved. To solve equation (2.219b),
the value of G must be known, as well as the gyromagnetic ratio y of the
specific nuclei under study. The voltage amplitude of the spin echo M, is easily
computed by solving the Bessel equation of order p and parameter 6 as shown

in equation (2.219b) where:
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p=1T, (2.222a)
and
0=/Grt (2.222b)

2.19 Application to Molecular Imaging

In this section, new magnetic resonance methodology to solve the Bloch
NMR flow equation based on Hermite, Bessel and simple quantum mechanical
functions for detailed studies of processes taking place at the molecular level in
living tissues have been developed. We show how these quantum mechanical
functions may be very crucial in the assessment of Cancer cells, Multiple
sclerosis (MS) and Brain edema using magnetic resonance imaging.

We apply a fundamental transformation procedure on equation (2.40) given
by:

My (x) = w(x)e™ (2.2232)
provided that:
1
A=— 2.22
2vT, ' (2.223b)
Equation (2.40) becomes:

dw(x) 1

—d‘/)’(g ) +V—2(Tg CTe—y2GA () =01 (2.2240)

where
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T,=—;Tr = (2.224b)

and G is the strength of the gradient field. With further assumptions:
1B.(X) =i76X; a =i [Lx; (2.225)
\%

we obtain:

2 (T, -T
3 '/,:{ g}GVR —az}/,=o. (2.226)
(24

If we make another transformation as follows:

e F r v Ca
iVt and = |— ===, 2.227
v =M (e T3 T (2220
we have:
d’M dMm
Y- 20—2+2nM, =0 (2.228)
do® da

and given that:

T, — Tz =(2n+1)yGv
o~ Tr =0+ } (2.229)

(~1

the final solution becomes:

M, (x)=H, (inj =(-)" exp(—ﬁxz]iexp[—ﬁxzj (2.230a)
Y \% dx" Y

where
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T.—T,
LT B | B (2.230b)
2,Gv 2

From equations (2.222, 2.230), the term % represents the phase change of

the spin at the position x, provided that the relaxation times T, and T, are
properly chosen to represent the gradient pulse duration in the pulsed-field
gradient (PFG) NMR as shown in figures 2.2-2.3.

10 h My 10 j My
0.9 0.9
0.8 0.8
0.7 0.7
0.6 0.6
05 0.5
05 10 15 20 25 30(@) 05 10 15 20 25 30(D)
M

10 y 6 x 10ef My
09 4 x 10%
0.8

2 x10°

lal

0—7 L L L
06 05 10 15 20 25 |30
’ 2x10°
05

-4 x10°

05 10 15 20 25 30
(c) (d)

Fig. 2.2 Plots of the transverse magnetization M, against the absolute (positive) values
of a using the relaxations time — values of kidney at 1.5T [3], G = 10mT/m, y = 42.5781
x 10°%/T/s for (a) v = 3.0m/s (b) v = 0.3m/s (c) v = 0.003m/s (d) v = 0.000003m/s.
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Fig. 2.3 Plots of the transverse magnetization M, against the absolute (positive) values
of a; G = 10mT/m, y = 42.5781 x 10%T/s, v = 0.000003m/s using the relaxations time —
values, at 1.5T [3], of (a) skeletal muscle (b) heart muscle (c)liver (d) kidney (e) spleen
(f) fatty tissue (g) gray brain matter (h) white brain matter.
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It is observed from figures (2.1) and (2.2) that as the fluid velocity reduces as
often encountered in cellular processes, the imaging equation as given in
equation (2.224) shows contrast in terms of MR signals. Figure (2.2) shows that
the behaviour of the MR signals is completely different for different tissues. It
IS quite interesting to note that the magnitude of the signals becomes so large at
the molecular level. This can make it possible to follow processes at molecular
level in real time with brighter images.

2.20 The Hermite Polynomials

Based on equations (2.224-2.225), equation (2.40) becomes:

2
d (;/)’(SX) +a—px (=0 (2.231)
To-Tr ., G _ 1 and _ 1
o= 9V2 L p= v Tg T1T2 TR 4T02

where G is the strength of the gradient field, The solutions of equation (2.40)
are shown in table 1;
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Table 1. Solution of the Bloch NMR flow equation in terms of Hermite Polynomials.

n chV;GTR) M,
1 [ x  yGx?
0 1 yG 4o 2T 2v
v
1 [ x _y6¢°
7 5 1 Ejzt 9 {/ﬁ T, 2v
ﬁ(ﬂv v |8
1 [ x_ yGX*
2 5 i[ﬁy 46x® | (am
8\ v \%
1 3 [ X &j
3 7 L [@]4 8(£j2x3—12 7oy o BT 2
48 \ v v v

where: % — (2n+1)

(g ~Tr)

nr1ypa| " andn=0,1,234,5,.... (2.232)

or
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Fig. 2.4 Plots of fluid velocity against parameter n when G = 10mTm™, y = 42.5781 x
10°Ts using the relaxations time — values, at 1.5T [3], of (a) skeletal muscle (b) heart
muscle (c)liver (d) kidney (e) spleen (f) fatty tissue (g) gray brain matter (h) white brain

matter.
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(© (@
Fig. 2.5 Plots of transverse magnetization against v and x; G = 10mTm™, y = 42.5781
x 10°T s using the relaxations time — values of kidney at 1.5T [2] for (@) n =0 (b) n =

lc)n=2(d)n=3.

Based on equation (2.232) and figure (2.3), the highest velocity is recorded
when n = 0 and the velocity decreases when n increases. For each value of n,
the NMR signal at the molecular level is obtained as Based on equation (2.232)
and figure (2.4), the highest velocity is recorded when n = 0 and the velocity
decreases when n increases. For each value of n, the NMR signal at the
molecular level is obtained as shown in table 1 and equation (2.218). If Ax® is
defined as the cross sectional area of blood vessels, the method can be very
useful in estimating blood flow in capillaries or veins at the molecular level,
especially in the assessment of angiogenesis and cancer proliferation. It is
worthy of note that as the values of n increases (moderate decrease in the fluid
velocity), the signal behaves like that of electron spin resonance (Figs 2.5¢c and
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2.5d). This may be very important in the imaging of the complex molecular
changes often observed in cancer cells.

2.21 Application to Multiple Sclerosis

Multiple sclerosis (MS) is an inflammatory disease in which the fatty myelin
sheaths around the axons of the brain and spinal cord are damaged, leading to
demyelination and scarring as well as a broad spectrum of signs and symptoms.
MS affects the ability of nerve cells in the brain and spinal cord to communicate
with each other effectively. Nerve cells communicate by sending electrical
signals called action potentials down long fibers called axons, which are
contained within an insulating substance called myelin. In MS, the body's own
immune system attacks and damages the myelin. When myelin is lost, the axons
can no longer effectively conduct signals [67]. Although much is known about
the mechanisms involved in the disease process, the cause remains unknown.

MRI has been considered to be the most informative noninvasive method to
diagnose and monitor disease progression in patients with multiple sclerosis
(MS) [68]. However, conventional T,-weighted MR images do not sufficiently
correlate with histo-pathological substrates and clinical disability [68].
Conventional T,-weighted images are unable to distinguish underlying histo-
pathological substrates, such as inflammation, edema, demyelination, gliosis,
and axonal loss, because all of these lesions have identical high signal on T,-
weighted images. We study equation (2.206) when the transverse magnetization
is finite as x tends to infinity. The solution is given as:

M, (x) = Cpv/xJ,(kx) (2.233a)

where:
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N1-p° (2.233b)

Since the abnormalities observed in MS mostly involve the white matter (T,
=0.78s, T, = 0.09s), gray matter (T, = 0.92s, T, = 0.10s) and CSF (T; = 4.50s,

T, = 2.30s), we shall make use of their relaxation properties at 1.5T to compare

their transverse magnetization for different ranges of x as shown in figure 2.5.
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Fig. 2.6 Plots of transverse magnetization against x for C; = 10, G = 0.033T/m and 7 =
0.02s; using the relaxation times of (ai) CSF in milli range (a2) CSF in micro range (a3)
CSF in nano range (a4) CSF in pico range (bi) Gray matter in milli range (b2) Gray
matter in micro range (b3) Gray matter in nano range (b4) Gray matter in pico range
(ci) White matter in milli range (c2) White matter in micro range (c3) White matter in
nano range (c4) Whiet matter in pico range.

The results obtained in Fig. 2.6 confirm what has been observed in T, —
weighted MR experiments. Changes in relaxation times that are direct
indication of histo-pathological substrates do not contribute significantly to the
magnitude of the MR signal. That is, dynamics of these important substrates
cannot easily be seen on MR scans. However, from figure 2.6, we have
observed that the transverse magnetization is actually responding very slowly to
small changes in T,. The magnitude of M, is changing very slowly from one
tissue to another. Secondly, we see that whenever X is in the microscopic range,
the behavior of M, changes uniquely and since most tissue processes are found
in this geometrical range, inflammation, edema formation, demyelination,
gliosis and axonal may easily be imaged. However, to realize this, the MR
algorithm must be designed such that C, takes on very high values in order to
improve signal magnitudes. Finally, we suggest that higher static field strength

may be required for good MR assessment of multiple sclerosis, although the
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influence of such high fields and the associated gradient fields on normal tissue

functions must first be taken into consideration.

2.22 Bloch - Torrey Equation for NMR Studies of
Molecular Diffusion

Since the diffusion coefficient varies very slowly with the radial distance r, it
is interesting to note that By(X,t) in equation (2.33) can be defined appropriately

based on the problems to be solved. For example if we define B(x,t) as:
YB (r,t) =F (M, (r,t) (2.234)

Parameter f(r) in equations (2.234) can be appropriately defined to solve
specific biological and medical problems. Generally, equation (2.33) becomes:

oM Do oM
av_rZar(rz aryJ+F0f(r)My (2.235)

The Bloch —Torey equation for the magnetization density M(r,t) arising from
spins diffusing with diffusion coefficient D and an arbitrary time-dependent

linear gradient field is obtained from equation (2.33) if we define By(x,t) as:

vBy (1 t) =—igf (M, (1, 1) (2.236)

where g denotes the product of F,and the gradient strength, the gradient field
has the temporal shape function f(t) in the direction x, where r is is the position
vector of the spin. For one dimensional motion, equations (2.33) becomes:

oM o*M

~L =D igf (OM, (x.1) (2.237)

Equation (2.237) is the Bloch-Torrey equation which has been solved for the
NMR study of molecular diffusion [69, 70].
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2.23 Adiabatic Model of Bloch NMR Flow Equation

In this section, we consider equation (2.25) under adiabatic condition when
the rf B, field is a constant. The adiabatic condition is defined as:

v*Bf (x) >> [%] (2.238)

172

Based on equation (2.238), equation (2.25) can be written as:

2
v2T12%+VT12(%+%deA—Xy+g2My =M, (2.239)
where
VT, = \/1—7 0<x<1 forreal value of v (2.240)
V=;4X¢ whennoddn = 1,3,5,7,9, ...... (2.241)
T°(T +T,)
¢ :Tl;/Bl (2.242)

For human blood flow of T, = 1.0s, the parameter ¢ is a real constant which

completely defines constant values of rf B, field for the NMR system [71, 72].
The application of equation (2.239-2.242) has been demonstrated [71].

2.24 Application of Time Dependent Bloch NMR Equation
and Pennes Bioheat Equation to Theranostics

Theranostics is the combination of therapeutics and diagnostics. It has been
regarded as a key part of personalized medicine and requires considerable
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advances in predictive medicine; novel theranostic agents are developed and
carefully designed for in vivo quantitative assessment of the amount of drug
reaching a pathological region and the visualization of molecular changes due to
the therapeutic effects of the delivered drug. This study intends to
mathematically model a closely knitted theranostic method in which a specially
selected radiofrequency field is used to heat up a tissue and at the same time
cause the spins of the tissue to emit MR signals.

The key to this application is the specific absorption rate (SAR) which drives
both rf power heating within a tissue and is related directly to the B; field which
is needed to cause spin resonance. If we consider bioheat flow in one direction
[73, 42] with uniform tissue properties, we have:

oT o
9l _k
ot Ox?

+SAR —w,c, (T -T,) (2.244)

where p is tissue density, c is the specific heat of tissue, T is the tissue
temperature, t is the time, w, is the blood perfusion rate, c; is the specific heat of
blood, T, is the supplying arterial blood temperature, k is the thermal
conductivity of tissue, and x is the distance from the skin surface. SAR is the
applied rf power per unit volume. If the tissue temperature changes very slowly

with X, we have:

pc% — SAR—W,c, (T—T,) (2.245)

The solution to equation (245) is given as follows:

T)=T, + SAR
WpCy

+Aexp(—mtj (2.246)
pC

http://www.sciencepublishinggroup.com 129



Theory, Dynamics and Applications of Magnetic Resonance Imaging-|

If the tissue temperature before the application of the rf field does not defer
significantly from the arterial temperature, the initial the condition for this
problem is given as:

Tt=0)=T, (2.247)
We finally have:
T =T, + 22 {1—exp(—WL°bt]} (2.248)
W,Cp, pC

SAR and Oscillating Magnetic Field: The rf power for the voxel volume V,,y
is Pyt = (SAR) Vo . The energy of the oscillating radio wave is given as E =

hyB1, whose rate of change is:

t

Py = I and £, = [ (SAR) Vg, (2.249)
t0
V.
7BL(1) = —2 (SAR)(t —t,) (2.250)

SAR and Time dependent NMR Equation: We can relate time dependent
MRI signal to SAR using the time independent NMR equation [42] given by
equation (2.251) and (2.252):

d?Mm dMm M
YT, —2L+(T, +y*BA(1) )M, = —2yB, (t 2.251
dtZ dt ( 9 1 ) y -l-1 1( ) ( )
1 1 1
T, =— To=—+—
where T, , and To T1+T2 (2.252)

If we sample the signal when the transverse component of the magnetization
has the largest amplitude, we write M, = 0. Provided that the condition T, «
y2B2(t) holds, equation (2.251) becomes [42]:
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d’M dM
y y 2R 2 _
o +T, " +7°B, ()M, =0 (2.257)

From equations (2.251) and (2.252), we obtain:

2
d’M, . OdMy
dt? dt

+(Vh°j (SAR)2(t—t,)*M, =0 (2.258)

If the rf B, field is applied at time t, = 0, we have:

1-Tt
2

= (B)" (t)" h 2 h 21l n=
M, (t) =(B)" (1) [ClJn( > t j+czvn[ > t ﬂ n (2.259)

This solution is valid for To(t —ty) < 1. It is always required that the

transverse magnetization be finite as time tends to infinity, hence, we write:

1Tt 1-Tgt v
VOX 42
My(t)=C,(B) 2 (1) ? leTot(z—ht j (2.260)

The results obtained in equations (2.248, 2.260) have been simulated with
relaxation parameters of human liver at 1.5T [74] and the corresponding thermal
properties [72, 73]: T, = 0.610s, T, = 0.057s, w,, = 2.86kg/m’s, ¢, = 3960J/kg.K,
p = 1060kg/m®, ¢ = 3600J/kg.K. Plots (a) and (b) (SAR = 4W/m°) give the
distribution of the tissue temperature and transverse magnetization on a log
scale while plot (c) (SAR = 40000W/m?) gives the density plot of the transverse

magnetization as a function of time and tissue temperature.
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Fig. 2.7 show (a) Temperature profile (b) Transverse magnetization profile (c ) density
image. This shows that provided the conditions which led to equation (2.248) are met,
real time theranostic imaging can easily be done with equations (2.248, 2.260).

The temperature distribution and the rf power needed to generate rf By(t) field
within the medically acceptable SAR limit during MRI scanning procedure have
been investigated by solving the Pennes Bioheat equation in terms of MRI
parameters. The relationship between temperature, SAR and rf By(t) at any
given time (under the assumed conditions) is clearly shown in equations (2.248,
2.260) and Fig.2.7. a, b, c. With this, accurate estimate of the amount of rf field
needed for a particular power deposition for safe imaging of different tissues
can be done. What is most interesting about the results in this study is that time,

SAR and voxel volume can easily be used to manipulate the range of
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temperature needed for therapy without unnecessarily increasing the tissue
temperature. These changes directly influence the NMR signal as clearly
illustrated in Fig, 2.7c and shows that we can do tissue imaging and temperature
mapping at the same time.

2.25 Summary

The major contributions of this book can be seen at a glance by the
development of the following differential equations derived from the Bloch
NMR flow equations. These differential equations can be referred to as the
Awojoyogbe-Bloch NMR flow equations.

1 1)\oM, &°M 1
+[—+—J &y+ at2y+[ +y2812(x,t)]My (S1)

dZMy 1(1 . 1]dMy

a2 vlT, T,/ dx
1( 5 1
+V—2(7/ Bl (X) +EJM y (82)
_ MoBi(9)
v2Tl
ﬂ‘f'i }/ZBZ+i w =0 (S3)
dX2 V2 ! T1T2

d?m 1 1 )d™m 1 M
—— L = L] 2B +— M, = —2 B (t
! (Tl T, ot 7°BL () el /Bi(t) (S4)

http://www.sciencepublishinggroup.com 133



Theory, Dynamics and Applications of Magnetic Resonance Imaging-|

2
2OMy (L 1 My
ox T, T,) ét
o*M, LMy
ox? ot

where D=—

d? M, dMm
dt2 +T T+(T +;/281 (t))M T, 7Bl(t)

M, p? M, |hFO

ih—Y =

ot 2m axz

781( t)

(1 g2 2)d°My —ngMy+n(n+1)M =0
J ng dg y

d’M, _ dM,
~ 20—+ 20M, =0
da? da

d*y(x)
dx?

+a=B)y(x) =0

(S5)

(S6)

(S7)

(S8)

(S9)

(S10)

(S11)

(S12)

(S13)

(S14)

(S15)
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x2 dzsz +XGW—V+[(9)2><2 +iJMy =0 (S16)
dx dx TT,

Var d;’:ﬂzy +VT12(%+%deA—Xy+g2My — M, (517)

e T ) (519

a':ty =D a;)':/zly —igf )M, (x,t) (S19)

The ideal approach to exhaust most of the quantitative and qualitative
information for studying biological systems at the macroscopic and microscopic
levels by magnetic resonance imaging technique with particular reference to the
theory, dynamics and applications of MRI would be to find generalized (time
dependent and time independent) analytical solutions to these equations. The
advantages of such solutions are related to the fact that the magnetizations and
signals obtainable from them are synthesis of many parameters that are of
clinical importance for most magnetic resonance imaging analyses.

Solutions to these equations will result to new developments in MRI physics.
Quantitative and computational analyses, mathematical modeling and analytical
solutions of these equations can lead to breath taking innovations and novel
applications of MRI for improved health care. High quality and novel
contributions related to biological, biomedical, clinical, geophysical and any
other exciting applications are welcomed in the next volume of this book. All
proposals can be addressed to the editor at abamidele@futminna.edu.ng or
awojoyogbe@yahoo.com.
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2.26 Conclusion

In this chapter, we have modeled the Bloch NMR flow equations into Bessel
equation, Diffusion equation, Wave equation, Schrodinger’s equation,
Legendre’s equation, Euler’s equation and Boubaker polynomials. While the
detailed analytical solutions of the time dependent NMR flow equation and the
NMR wave equation are presented, solutions to other several equations that may
be derived from equation (2.18) are available in standard textbooks on physics,
mathematics and engineering mathematics. With appropriate initial and
boundary conditions, solutions to these equations can be applied to solve most
problems that may enhance the theory, dynamics and applications of MRI. This
may open a large window of opportunities for researchers in all research fields
to contribute to this high intellectually adventurous field thereby improving the
image quality with better treatment of deceases at the most affordable cost. It is
hoped that due to the ability of magnetic resonance imaging to probe right to the
fundamental level, scientists may be able to image human cellular functions and
such imaging modalities would definitely help in the understanding of the
human diseased conditions. Information gathered from the images can then be
added to the present medical database to make it more comprehensive and thus
permit the physician to make a more specific diagnosis, prognosis and possibly
the appropriate therapy. The basic challenge in this direction is finding the right
mathematical frameworks which appropriately describe the processes involved.
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