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5.1 Introduction

Ruckle[62-64] used the idea of a modulus function f to construct the
sequence space

X(f) = {o = (@) : D flanl) < oo},

This space is an FK space, and Ruckle[62] proved that the intersection of
all such X ( f) spaces is ¢, the space of all finite sequences. The space X (f)
is closely related to the space ¢; which is an X (f) space with f(x) = z for
all real x > 0. Thus Ruckle[62-64] proved that, for any modulus f,

X(f) Clyand X(f)* = Voo

where

X(N*={y=(y) Ew: Zf|yk:$k:| < oo}
k=1

The space X (f) is a Banach space with respect to the norm

2]l =)~ f(l2kl) < 00.(See[62]).
k=1

Spaces of the type X (f) are a special case of the spaces structured by
Gramsch in[16]. From the point of view of local convexity, spaces of the
type X (f) are quite pathological. Therefore symmetric sequence spaces,
which are locally convex have been frequently studied by Garling[14-15],
Ko6the[50], Kolk[51-52] and Ruckle[29-31].

In this chapter we introduce the following class of sequence spaces.

Science Publishing Group 59



Zweier I-Convergent Sequence Spaces and Their Properties

ZI(f) = {(21) € w : thereis L € C such that
for ¢ > 0,{k e N: f(|axy — L|) > ¢} € I},
ZHf) = {(z1) €w :foragivene > 0,{k € N: f(|zy|) > e} € I},
ZL(f)={(z1) €w: {k € N: f(Jxx]) > M} € I, for each fixed M>0}.

We also denote by

and

mz,(f) = 2 () N Z5(f)-

5.2 Main Results
Theorem 5.2.1. For any modulus function f, the classes of sequences
Z1(f), Z§(f), mE(f) and m% (f) are linear spaces.

Proof. We shall prove the result for the space Z7(f). The proof for the
other spaces will follow similarly. Let (z}), (yx) € Z%(f) and let o, 3 be

scalars. Then
I —lim f(|xx — L1]) = 0, for somel; € C ;

I —lim f(|yx — Lo|) = 0, for someLy, € C ;

That is for a given € > 0, we have

A ={keN: f(loy — Li]) > g}el, [5.1]
Ay={k €N: fllye = Lof) > S} € 1. 5.2]
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Since f is a modulus function, we have
f((axe + Byr) — (aly + BLo)|) < f(lallzx — Lu]) + f(IBllyx — Lol)
< f(lor = La]) + f(lyx — L2|)

Now, by [5.1] and [5.2], {k € N: f(|(az), + Byi) — (Ly + BLs)|) > €}

C A; U Ay. Therefore (axy, + Byr) € Z'(f). Hence Z'(f) is a linear
space.

We state the following result without proof in view of Theorem 5.2.1.

Theorem 5.2.2. The spaces m% (f) and m%, (f) are normed linear spaces,
normed by

JEA ZS%pf(ll“kl)- [5.3]

Theorem 5.2.3. A sequence * = (z) € mL(f) I-converges if and only
if for every € > 0 there exists N, € N such that

{k € N : f(‘l’k — XN,

) <€} € mz(f). [5.4]
Proof. Suppose that L = I — lim z. Then
B.={keN: |z, —L| < g} e mL(f). Forall ¢ > 0.
Fix an N, € B.. Then we have
on. = el < Jow = LI |L— ol < 545

2
which holds for all k € B.. Hence {k € N: f(|zy —zn.|) < €} € mL(f).

=€

Conversely, suppose that {k € N : f(|zy — zn.
is{k e N: (|Jog — xn,

) < €} € mL(f). That
) < €} € mL(f) forall e > 0. Then the set

C.={keN:x, €lzy, —€,xn + ¢} €mL(f) forall e > 0.
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Let J. = [zy, — €, zn, +¢]. If we fix an € > 0 then we have C, € m%L(f)
as well as Cc € m%(f). Hence Cc N Cs € m%(f). This implies that

JeNJs# 6
that is
{keN:x, € J}emL(f)

that is
diamJ < diam.J.

where the diam of J denotes the length of interval J. In this way, by
induction we get the sequence of closed intervals

Je=1h) 2L D ... DR R R

with the property that diam [}, < %dz’amfk,l for (k=2,3,4,.....) and

{k € N:x, € I} € mL(f) for (k=1,2,3,4,......). Then there exists a
¢ € NI where k € Nsuchthat{ = I —limz. Sothat f(§) = I —lim f(x),
thatis L = I — lim f(z).

Theorem 5.2.4. Let f and g be modulus functions that satisfy the
Ay-condition. If X is any of the spaces Z7, Z[, m% and mZ%, etc, then the

following assertions hold.
(@) X(9) € X(f.9),
(b) X(f)NX(g) € X(f+g)

Proof. (a) Let (z3) € Z[(g). Then

I— liing(|xk|) =0. [5.5]

Let € > 0 and choose ¢ with 0 < § < 1 such that f(¢) < e for
0 <t < 4. Write yx, = g(|zx|) and consider h,?l flyk) = liin F(Yk)yr<s +
lilgn f(Yk)y,>s. We have

lim f(ye) < f(2)lim(ys) [5.6]
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For g, > 4§, we have y,, < % < 14 2. Since f is non-decreasing, it
follows that

1 1,2
Fl) < L+ 5 < SF@) + 5/(55)
Since f satisfies the A,-condition, we have
Fl) < 5K%5(@) + 5K % f2) = K% 7o)
Hence
lim £(ye) < ma(1, K)57£(2) lim(). 5.7)

From [5.5], [5.6] and [5.7] we have (z;,) € ZL(f.9).
Thus Z/(g) C ZI(f.g). The other cases can be proved similarly.
(b) Let (x1,) € ZL(f) N Z{(g). Then

I —lim f(|2]) = 0 and I —lim g(|xx|) = 0

The rest of the proof follows from the following equality

tim(f -+ g)((ax]) = lim f(|oe]) + lim (4]

Corollary 5.2.5. X C X(f) for X =Z', Z{, m% and m%,.
Theorem 5.2.6. The spaces Z{(f) and m% (f) are solid and monotone.

Proof. We shall prove the result for ZI(f). Let (z3) € ZL(f). Then
I—liinf(|$k|) =0. [5.8]

Let (o) be a sequence of scalars with || < 1 for all & € N. Then the

result follows from [5.8] and the following inequality

f(lewar]) < lewlf(|xx]) < f(|ax|) for all k € N.
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That the space Z!(f) is monotone follows from the Lemma 5.1.1. For

m%, (f) the result can be proved similarly.

Theorem 5.2.7. The spaces Z!(f) and mL(f) are neither solid nor

monotone in general .

Proof. Here we give a counter example. Let [ = I5 and f(x) = 2 for
all z € [0, 00). Consider the K-step space X (f) of X defined as follows.

Let (z;) € X and let (y,) € X be such that

(xr), ifkiseven,
(yx) = .
0, otherwise.

Consider the sequence (zy) defined by (z;) = 1 for all & € N. Then
(rx) € Z!(f) but its K-stepspace preimage does not belong to Z!(f).
Thus Z(f) is not monotone. Hence Z7( f) is not solid.

Theorem 5.2.8. The spaces Z7(f) and Z!(f) are sequence algebras.

Proof. We prove that Z[(f) is a sequence algebra. Let
(zx), (yr) € ZL(f). Then

I —tim f(|ae]) = 0
and

I —lim f(lyel) = 0

Then we have
I —Tim f(|(z-yx)]) = 0

Thus (z3.yx) € Z{(f) is a sequence algebra. For the space Z!(f), the

result can be proved similarly.
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Theorem 5.2.9. The spaces Z'(f) and Z!(f) are not convergence free

in general.

Proof. Here we give a counter example. Let / = I and f(z) = 2® for

all z € [0, 00). Consider the sequence () and (y) defined by

1
xk:% and y, =k forall k € N

Then (z) € Z1(f) and ZL(f), but (yx) & Z(f) and Z!(f). Hence the

spaces Z{(f) and Z{(f) are not convergence free.

Theorem 5.2.10. If I is not maximal and I # I, then the spaces Z7(f)

and Z!(f) are not symmetric.
Proof. Let A € I be infinite and f(z) = z for all z € [0, 00). If

{ 1, fork e A,
T =

0, otherwise.

Then by lemma 1.22 (x,) € ZL(f) € ZI(f). Let K C N be such that
Ké¢landN—-—K ¢ . Let¢: K - Aandy : N— K — N— Abe
bijections, then the map 7 : N — N defined by

e :{ o(k), for € K,
W(k), otherwise.

is a permutation on N, but x4y ¢ Z7(f) and x4y ¢ Z{(f). Hence Z'(f)
and Z!(f) are not symmetric.

Theorem 5.2.11. Let f be a modulus function. Then ZI(f) C Z1(f) C
Z()

Proof. Let (z;) € Z!(f). Then there exists L € C such that
I —1lim f(Jzg — L) =0
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We have f(|zx]) < 3 f(|lzx — L|) + f3(|L]). Taking the supremum over
k on both sides we get (z;) € ZL (f). The inclusion Z{(f) C ZI(f) is

obvious.

Theorem 5.2.12. The function / : mL(f) — R is the Lipschitz function,

where mL(f) = Z1 (f) N Z1(f), and hence uniformly continuous.
Proof. Let z,y € mL(f), x # y. Then the sets
A, ={keN: |z, — h(z)] > ||z —yl||} € 1,

Ay={keN: |y, —hy) > ||z —yl} €1

Thus the sets,
By = {k € N: |z, — h(z)| < ||z — y[|.} € m&(f),
By =A{k e N: |y, — h(y)| < ||z —yl[.} € mZ(f).

Hence also B = B, N B, € m5(f), so that B # ¢. Now taking k in B,

() = h(y)| < |A(@) — ai| + |ow = yel + |ye = By)| < 3]l — yl..

Thus A is a Lipschitz function. For the space méo (f) the result can be

proved similarly.

Theorem 5.2.13. If z,y € m%L(f), then (z.y) € m%L(f) and
h(ay) = h(z)h(y).

Proof. For e > 0
B, ={k € N: |z, — h(zx)| < e} € mL(f),
B, = {k e N: |y, — i(y)| < e} € mL(f).
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Now,
[zrye — B(2)(y)| = |21y — 21h(y) + 2:l(y) — A(x)R(y)|

< |akllys — 1(y)] + [AY)||lzx — h(z)] [5.9]

As mL(f) € ZL(f), there exists an M € R such that |z;| < M and
[A(y)| < M.

Using eqn [5.9] we get

|zrye — R(2)h(y)] < Me+ Me =2Me

For all k € B, N B, € m/(f). Hence (z.y) € m%(f) and h(xy) =
h(z)h(y). For the space m% (f) the result can be proved similarly.
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