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Section 2.1

Maximum Likelihood Estimation of the Parameters of a

Stochastic Differential System Modeling the Returns of
the Index of Some Classes of Hedge Funds

[Description] We test the ability of a stochastic differential model of
forecasting the returns of a long-short equity hedge fund index and of a
market index, that is of the HFRI-Equity index and of the S&P 500 index
respectively. The model is based on the assumptions that the value of the
variation of the log-return of the hedge fund index (HFRI Equity) is
proportional up to an additive stochastic error to the value of the
variation of the log-return of a market index (S&P 500) and that the
log-return of the market index can be satisfactorily modeled using the
Heston stochastic volatility model. The model is calibrated on observed
data using a method based on filtering and maximum likelihood. The data
analyzed (i.e. HFRI-Equity and S&P 500 indices) go from January 1990
to June 2007, and are monthly data. The values of the HFRI-Equity and
S&P 500 indices forecast by the calibrated models are compared to the
values of the indices observed. The result of the comparison is

satisfactory.

[Paper] Capelli P, Mariani F., Recchioni M.C., Spinelli F, Zirilli F.
(2010). Determining a stable relationship between hedge fund index
HFRI-Equity and S&P 500 behaviour, using filtering and maximum
likelihood, Inverse Problems in Science and Engineering 18, 83-109.

[Website] http://www.econ.univpm.it/recchioni/finance/w8
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2.1.1 Outline of the Presentation

e The “long short equity”” hedge funds

e A stochastic volatility model for the index of the “long short equity”
hedge funds based on the Heston stochastic volatility model

e The forecasting and estimation problems

e Integral representation formula for the solution of the filtering

problem

Integral representation formulae for the forecasted values of the state

variables

The calibration problem

Numerical experiments with synthetic and real data

References

2.1.2 “Long/Short Equity”’ Hedge Funds

The “hedge funds” are “funds” having a “speculative” management.

The regulation of these funds is elastic and this fact gives to the
manager a large set of choices. The funds are classified on the basis of the

management style and on the market on which they act.

They can be classified in four macro-classes: long/short equity, event

driven, relative value, global macro.

The manager of a LONG/SHORT EQUITY fund pursues the goal of

constructing a stock portfolio whose return (yield) is independent of the
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market behaviour, and depends only on the manager ability in stock

picking.

The manager buys (long position) the stocks that, in his feeling, are
underestimated by the market and sells short (short position) those stocks

that he believes are overestimated.

2.1.3 A Single Factor Model for the Index of “Long/Short Equity”
Hedge Funds

In the work of Pillonel P., Solanet L.: Predictability in hedge fund index
returns and its application in fund of hedge funds style allocation, Master’s
Thesis in Banking and Finance at Universit?de Lausanne, Hautes Etudes
Commerciales (HEC), (2006), the authors show using time series analysis
that the return of the index of the long/short equity hedge funds can be
explained using the log-return of the S& P500 index by a relation of the
type:

z=a+br;_1+e, t=12 ...

z 1s the hedge fund index return at time ¢

2y_1 18 the S&P500 return at time ¢ — 1

e; 1s the error term at time t

a, b are suitable constants.

2.1.4 From a Discrete Time Model to a Continuous Time Model

We propose a reasonable translation in the continuous time setting of the
findings of the time series analysis presented by Pillonel and Solanet 2006
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that is we consider the following continuous time dynamics for z, 2;:
z=a+br,1+e, t=1,2, ... (discretetime)

dzy = Bdxy +vdWy, t >0, (continuous time)

where (5 and ~ are suitable constants and W;, t > 0, is a standard Wiener
process such that W, = 0 and dW; is its stochastic differential. Moreover
we assume that the dynamics of z;, ¢t > 0, (the S& P500 index) is described
by the Heston stochastic volatility model (Heston 1993).

The Heston stochastic volatility model for (z;,v;), t > 0, coupled with
the previous equation for dz; is the model for the return of the long/short

equity hedge funds index that we propose.

2.1.5 The Stochastic Model for “Long/Short Equity” Hedge Funds

Let ¢ be a real variable that denotes time, we consider the stochastic
process (zy, vy, 2;), t > 0, solution of the system of stochastic differential

equations:

1
dl’t = (/jL — §’Ut)dt + \/U_tthl,t > O,

1
dz = B(jr — 5vt)dzs + Vi (BAW} + v dW}P) ¢ > 0,

dvy = x(0 — v)dt + e\/vidW2 t > 0,

where W', W2, W} are standard Wiener processes and dW}', dW2, dW}?

are their stochastic differentials satisfying:
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< AW} AW} >= piodt, < AW} W} >= py 3dt,

< dWEAW? >= pyzdt,t > 0,

where < - > denotes the expected value of -, p; 2, p13, p23 € [—1,1]
are the correlation coefficients and the quantities /i, x, ¢, 0, [3, -, are real
constants. The stochastic differential equations must be equipped with the

initial conditions: xqg = Zg, 20 = 2o, Vg = Up.
2.1.6 Forecasting and Estimation Problems

DATA

e the observation times 0 = {5 < t] <ty < ... < t, < +00;
e the log-return x; of the stock index: ; = x(¢;),7=0,1,2,...,n;
o the log-return z; of the index of the long/short equity hedge funds:

Ei:z(ti),i:(),l,Z,...,n;

We want to use the data available to solve the following problems:

1. Filtering Problem: given the values of the model parameters O= (i,
X> & 0, 8,7, p1.2, P1,35 P2.35 )7 find a forecast of the current variance

level (forecasting problem).
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2. Estimation Problem: find an estimate of the vector ©.

2.1.7 Filtering Problem

Let us assume that the vector © and the filtration F;, = { (Z;, ;) | t;

< t} are given.

The filtering problem consists in finding the joint probability density
function p(z,z,v,t|F;,©) of x4, 2z, v, t > 0, conditioned to the

observations contained in F; for ¢ > 0.

The forecasted values Zg, 20, Uto Of (24, 2, v¢), t > 0 can be found

itezE(xt|E,@):/ / / vdap(r,z,v,t|Fy, ©),t>0,

2t|@=E(th7:t,Q):/ / / dzzp(w,z,0,t|F;, ©),t> 00,

Uyo=E(v¢| F1,0) / / / dxvp(x,z,v,t|F, ©)1>0.

2.1.8 Solution of the Filtering Problem

as:

The joint probability density function p(z, z, v, t|F;, ©), (z, z,v)
€ Rx R x R, t > 0, can be obtained starting from the transition

probability density function ps(z,z,v,t,2',2 0", '|©), t,¢' > 0,
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t —t' > 0, that is from the fundamental solution of the Fokker Planck
equation associated to the stochastic differential system (1), (2), (3) as

follows: fori = 0,1,...,n, (z,z,v) € RX R x R*:

—+o0
p(xyzav7t|~/—-;fi7Q):/ pf(l',Z,U,t,ZZ'Z‘72i,1)/,ti|@)fz‘('0/;@)d’l},,
0
b <t <tiy,
where:
fo(v;©) =6(v — 1), veERT,
andfor:=1,2,...n:
a?i,ii,v,ti_ JE.? ,(")
fi(v; ©) il [Fe1 O) ,vE R

N f0+00 p(j'iv 2, V', ti_|"t%i71 ) Q)dvl

(see Fatone et al. 2007 and Mariani et al. 2008 for further details)

2.1.9 Integral Representation Formula for the Fundamental Solution

Proceeding as in Lipton, 2001, pag. 605 it is easy to derive the following

representation formula for the fundamental solution py :
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pf<x> 2,0, t, xla Zl? UI? t/|@) =

1 +OO / ot +OO ’ ot
(2 )2 / dkebk(xfx —fT) / dfeLf(zfz —papT) |
™ _ —

o0 o0

v/2
2s5 (k&)

e N0k o wem N (K, €, 7) Ak, €, 7) [ =
v

!/

e MEE L (2 A(k, €, 7)M(k, &, T)Vo o/
(r,2,0), (2,2, 0 ) ERX RXRY t,t' >0, 7=t —t >0,
where ¢ denotes the imaginary unit, 1,(z), z € C, is the modified Bessel
function of positive real order v = 2;‘—29 — 1. The other functions appearing

in the representation formula are elementary functions of the variables

(k,§) e Rx RandT € R™.

The functions appearing in the formula for py are: for (k, §) € R x
R, 7 € RT,
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(k) = =3 D+ el + B + s}
ok, €)= 5 {4pa(k, €%+ &2 K7 + €2(87 + 77 + 201 B+
2K (pray + ) =l + BOY,

s, (k,&,7) =1 — e 2ROT,

sp(k,&,7) = p(k,€)(1+ e 2 "7) — p(k, )5, (k, €, 7),

ss(k,&,7) = p(k, &)(1+ e 2O7) 4 ju(k, €)s, (k, €, 7),

" 2 kv )

M(k7 67 T) = %a
_ 2p(k, §)e PO

A<k7€77_) - S/B(k’,f,T)

2.1.10 Integral Representation Formulae for the Forecasted Values

From the knowledge of the joint probability density function p(z,
2,0, t|F, ©), (z,2,v) € R xR x RT, t > 0, we derive the following
formulae that are used to forecast the values of the stock index log-return
and of the hedge fund index log-return x;, z;, t > 0,t # t;,i=1,2,...,n,

respectively and of the stochastic variance v, t > 0:
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(1 — ext=t))
E(2|F,, ©) = & + ot — t;) + QT a

(1 _ e—x(t—ti)) /+oo
U= 2D [ avo g 0),
.
1 — e—x(—t:)
E(2| i, ©) = 5+ Blt — 1) + 0P =)

2x
5(1 . efx(tfti)> /+oo
dvv fi(v; ©),
S R

+o0
E(v;|F;, ©)=0(1 — e Xty gmx(t=10) / dv v fi(v; ©),
0

t, <t<tigq,1=0,1,...,n.

Note that we have reduced the computation of the forecasted value to

“one-dimensional” integrals.

2.1.11 Forecasted Values of x;, z;, v;

Parameter values /1 = 0.026, x = 5.94, ¢ = 0.306, 6 = 0.01159, p; 2 =

—0576, P13 = 0, P23 = 0, 1~)0 = 05, 6 = 1, Y= 01, dt = 4/2525
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solid line: “true trajectory”

dash-dotted line: “forecasted trajectory”

2.1.12 Estimation Problem

The solution of the estimation problem is the vector © = (4, X, ¢, 0, [,
Y, P12, P1.3s P2.3,00)" belonging to the set M = {0 = (i, X, &, 0, 3, 7, p1.2,
prss P23, )T €RY |y > 0,6 >0,0>0,8>0,v>0 2 >1,
1 > p12,p13,p23 > —1,09 > 0} that makes most likely the observations
(Z;, %), at time t = t;, 7 = 0,1,2,...,n, that is the vector © that solves

the following problem:

max F(©).
oeM

where

n—1 “+00
F(Q) = Z lOg { / p(xi+17 Zi+1, Ul? t;+1|Ez ’ Q)dvl}7@ S M
i=0 0
We call F'(©) (log-) likelihood function.
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The technique used to solve the previous optimization problem is based
on a variable metric steepest ascent method. Beginning from an initial
guess ©°, we update at every iteration the current approximation of the
solution with a step in the direction of the gradient of the (log-)likelihood

function computed in a suitable metric (see Fatone et al. 2007).

2.1.13 Numerical Results on Synthetic Data

We choose the following parameters © =

Let us remember the dynamical system (Ax. & 0.8, v pr2. pra. p2,3.00)"
doy = (f— Sve)dt + JordWi, t > 0,

2 = ©; = (0.026, 5.94,0.306,0.01159,1,0.1,-
dzy = B(ft — zvi)dt+

Non (5th1 + »Yth?’) Lt >0, 0.576,0,0,0.5)T and we use six observation t; =
— _ 2
dve = X(0 — ve)dt + ey/0rdWy, t > 0. 4/252.5,i = 0,1,2,3,4, 5 (see D.S.Bates, The

Review of Financial Studies, 19 (2006), 909-965).

0.6 0.6

0.2 0.2
0 0

Animation>
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2.1.14 Analysis of a Two Years Time Series

We have generated the data integrating the stochastic differential system
for a two years period using the following parameter vectors in the first
year © = (i, x, & 0, B, 7, P12, P1,35 P2,3,770)T = 0
= (0.026,5.94,0.306,0.01159,1,0.1, —0.576,0,0,0.5)7 and in the
second year we have © = (i1, x, &, 0,0, 7, P12, P13 P23 2~JO)T =
0,=(0.4,2,0.01,0.01,1,0.01,0.5,0,0,0.012)T. The series made of 505
observation times corresponding to 1010 observations (Z;, Z;),
1 = 0,1,2,...,504. We solve the optimization problem using a time

window made of 8 consecutive observation times. In particular we divide

0 504

the time interval [0, 5z~

| in 63 consecutive disjoint time windows
containing 8 consecutive observation times. the results obtained are

summarized in the following figure.

@1 0 Qz
—nTeO— o) e g—tm———
0.3382 0.3382
Animation>
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2.1.15 Numerical Results on Real Data (Banca Akros, Milano)

We have 211 observation times corresponding to 211 months from
1/31/1990 to 06/30/2007, that is we have 211 couples (%),
1 =20,1,...,210. We have applied the calibration procedure on a window
of nine consecutive observation times (Z;,%;), ¢ = 0, 1, 2, ...,8. We
move this window through the data time series discarding the data
corresponding to the first observation time of the window and inserting
the data corresponding to the next observation time after the window. So
that we solve 203 optimization problems and we obtain the reconstruction

of the parameters shown below.
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50 100 150 200 50 100 150 200

i fanird

50 100 150 200 50 100 150 200
X  mean-reverting rate v: vol of the hedge fund returns

http://www.sciencepublishinggroup.com 101



Research Seminars in Mathematical Finance: Stochastic Volatility Models, Option Pricing,
Calibration

2.1.16 Is the Model for the Return of the Index of the Hedge Funds
a Satisfactory Model?

Let us show the reconstruction of the two parameters /3, p; 3. Remember
that we have assumed 2, ~ (Sx; hence we expect that [ is constant and that

z¢ and x4 are positively correlated.

proportionality constant

.7.""\ SRR

Dy o RO
n}u rf, M TPk

550,

20 40 60 80 100 120 140 160 180 200
t (months)
correlation coefficient between the Wiener processes of x tand z,
p.| 2l T T T T T T T T
’ ', o ) S DO AN v':(-r‘v
i et T '”?on‘n' RS R n(nn' AR i fERATI o i
0.
0
Il 1 L 1 1 1 1 Il 1 ]
20 40 60 80 100 120 140 160 180 200
t (months)
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2.1.17 Comparison Between Forecasted Values and Data of the
Hedge Fund Index Returns

0.25

-0.1 |

-0.15 |

-0.2

-0.25

L I I I I I I I 1 1
20 40 60 80 100 120 140 160 180 200

t (months)

Mean absolute error on the forecasted values 0.0287

2.1.18 Future Work

e Solve filtering problems that uses the prices of some derivatives on
the indices considered as data to make more accurate the calibration

procedure.

e Derive semi explicit formulae in the limit case of high frequency
data to reduce the computational cost of the solution of the filtering

problem.

e Extend the previous work to other kinds of hedge funds suggesting
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and analyzing adequate models.

Note that several numerical experiments and digital movies relative to
the problem considered here that show the behaviour of the filtering and
estimation method proposed can be found at the website:

http://www.econ.univpm.it/recchioni/finance/wS5.

A more general reference to the work in mathematical finance of the
authors and of their coauthors is the website:

http://www.econ.univpm.it/recchioni/finance.
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Section 2.2
Calibration of a Stochastic Model of Spiky Prices: An

Application to Electric Power Prices

[Description] We use filtering and maximum likelihood methods to solve
a calibration problem for a stochastic dynamical system used to model
spiky asset prices. The data used in the calibration problem are the
observations at discrete times of the asset price. The model considered
describes spiky asset prices through a stochastic process that can be
represented as the product of two independent Markov processes: the
spike process and the process that represents the asset prices in absence
of spikes. A Markov chain is used to regulate the transitions between
presence and absence of spikes. Given the calibrated model we develop a
sort of tracking procedure able to forecast the forward asset prices.
Numerical examples using synthetic and real data of the solution of the
calibration problem and of the performance of the tracking procedure are
presented. The real data studied are electric power prices data taken from
the U.K. electricity market. The forward prices forecast with the tracking
procedure and the observed forward prices are compared to evaluate the

quality of the model and of the forecasting procedure.

[Paper] Fatone L., Mariani F.,, Recchioni M.C., Zirilli F. (2012). The
analysis of real data using a stochastic dynamical system able to model

spiky prices, Journal of Mathematical Finance 2, 1-12.

[Website] http://www.econ.univpm.it/recchioni/finance/w10
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2.2.1 The Calibration Problem

We want to estimate the parameters of a stochastic dynamical system

used to model spiky prices starting from observed data.
We use as data the observations at discrete times of asset prices.

The solution of the calibration problem proposed makes use of:

e nonlinear filtering techniques (see Mariani et al. 2008),

e maximum likelihood method (see Fatone et al. 2007, 2012, 2013).

We focus on:

1. The stochastic dynamical system used to model spiky asset prices;

2. The formulation and the solution of the calibration problem for the

spiky asset prices model;

3. The computational efficiency of the solution method of the calibration
problem.

The model considered can be used in realistic situations and the analysis
of time series of real data has been done successfully.

The real data studied are electric power prices data taken from the U.K.

electricity market. These data are “spiky” asset prices.

The numerical results obtained are satisfactory (see Fatone et al. 2012).
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2.2.2 The Model for Spiky Asset Prices

Following Kholodnyi 2004, 2008 we model spiky asset prices as a
non-Markovian stochastic process that can be represented as a

product of two independent Markov processes:

e the spike process: this process is responsible for modeling spikes in
asset prices. It is either equal to the multiplicative amplitude of the
spike during the spike periods or to one during the regular periods,

i.e. the periods between two spikes.

e the process that describes the asset prices in absence of spikes: this
process is responsible for modeling prices in absence of spikes. In

our work this process is a diffusion process.

Finally, the presence or absence of spikes depends on a two-state Markov
process in continuous time that determines whether asset prices are in the
spike state (i.e. during a spike period) on in the regular state (i.e. between

two spike periods).

Let M, be this two-state Markov process depending on continuous time
t > 0, and let

P (T,t) Py (T,t)

P(T,t) = ( Po(T,t) Pu(T,t)

), 0<t<T,

be its 2 x 2 transition probability matrix.
1. Py(T,t) and P,4(T,t) denote the transition probabilities of going
from the spike state at time ¢ respectively to the spike or to the

regular state at time 77;
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2. P,.(T,t) and P,.(T,t) denote the transition probabilities of going
from the regular state at time ¢ respectively to the spike or to the
regular state at time 7.

Note that the Chapman-Kolmogorov equation for the two-state Markov

process M;, t > 0, can be written as follows:

P(T,t)=P(T,7)P(1,t), 0<t<7<T,

together with the condition that P(7T',¢) is the 2 x 2 identity matrix when
t="1T.

In the important case of a time-homogeneous Markov process M, t > 0,

the transition probability matrix P(7,t), 0 < t < T is, in fact, a function
of the difference T' — ¢, and it can be written as follows:

brae—(T—t)(a+b)  p_pe—(T—t)(a+b)

a+b a+b
P(T,t) = 0<t<T, (1)
a—ae—(T—D)(a+b) g4 pe—(T—1t)(a+b)
a+b a+b

where the quantities a and b are real non negative parameters able to
control the duration and the frequency of the spike periods (i.e. the
expected lifetime of spikes and the expected time between spikes), that is

a and b satisfy the following conditions:

a>0,b>0.

In our model for spiky prices we always assume the two-state Markov
process M,, t > 0, to be time-homogeneous with the transition probability
matrix P(7T,t) given by (1).

Let p.(t), ps(t) and p,.(T), ps(T) be respectively the probabilities of

being in the regular state and in the spike state at time ¢ and at time 7',
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0 <t <T,wehave:

ps(T) ps(t)
= P(T\t) ., 0<t<T.

pr(T) pr(t)

We model the process that describes the asset prices in absence of spikes
through a diffusion process defined by the following stochastic differential

equation and initial condition:

dgt = /Lgtdt -+ Ugtth, t> O,
A (2)
So = 95",
where
1. S;> 0 denotes the asset prices in absence of spikes at time ¢ > 0,
2. w 1is the drift coefficient,

3. o > 0 1s the volatility coefficient,

4. Wy is the standard Wiener process, W, = 0, and dIV, is its stochastic
differential,

5.5*>0isa given initial condition.

Equation (2) defines the asset price dynamics of the celebrated Black

Scholes model.

Note that (2) is a Markov process. In Kholodnyi 2004 underlines that
other Markov processes different from (2) can be used to model asset price

dynamics in absence of spikes.

We define the spike process A\;, ¢t > 0, that will be responsible for

modeling the amplitude of the spikes in the asset prices as follows:
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let &, t > 0, be a stochastic process made of independent random

variables with given probability density functions X(¢,€), £ > 0, t > 0.

We assume that:

1. If the Markov process M, is in the regular state then the spike process
¢ 1s equal to one, i.e. \; = 1.

2. If the Markov process M, transits into the spike state at time 7 then the
spike process ); is equal to a value sampled from the random variable
&, during the entire time that the Markov process M; remains in the
spike state.  (We assume that M, is in the regular state at time ¢ = 0 with
probability one, so that the spike process \; starts with Ay = 1 with probability

one).

Note that \;, t > 0, is the magnitude of the multiplicative amplitude of
the spikes when the transition to the spike state happens at time ¢ > 0 and
that 3(¢,£), t > 0, is the probability density function of \;, ¢ > 0, for the
spike period that begins at time ¢.

Let us observe that in the special case of spikes with constant amplitude

A > 1, the probability density function (¢, \') = £(X), N > 0,¢t > 0, is
the Dirac delta function 6(A — \), i.e.:

S(N) = d(\ — N).

Finally we say that the spike process \; is in the spike state or regular
state if the Markov process M; is in the spike state or regular state

respectively.

In our model for spiky prices we assume that the spikes have constant
amplitude A\> 1.
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2.2.3 The Process for Asset Prices with Spikes

Let us denote with S;> 0 the price (eventually) with spikes of the asset
at time t > 0.

Let us assume that the spike process \; and the process S, for asset prices

in absence of spikes are independent.

We define the process .S; > 0,¢ > 0, that describes the spiky asset prices,
as the product of the spike process \; and of the process S, for asset prices

in absence of spikes, that is:
St = )\tgt7 t > O

Note that the process S; > 0, t > 0, for spiky asset prices is in the
spike state or in the regular state depending from the fact that the spike
process A, t > 0, is in the spike state or in the regular state respectively, or
equivalently, depending from the fact that the Markov process M;, t > 0,

is in the spike state or in the regular state respectively.

Remarks

1. It can be shown (see Kholodnyi 2004, 2008) that, although the process
St, t > 0, is non-Markovian, it can be represented as a Markov process
that for any time ¢ > 0 can be fully characterized by the values of the

processes \; and S’t attime ¢t > 0.

2. Kholodnyi 2004 shows that the process Sy, t > 0, can mimic spikes in
asset prices, that is S;, t > 0, can exhibit sharp upward price
movements shortly followed by equally sharp downward price
movements of approximately the same magnitude, so that a spike can
form.
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In particular, since the expected times t, and t, spent by the process

Sy, t > 0, in the spike state and in the regular (i.e. inter-spike) state,
respectively, coincide with those associated to the asymptotic
probabilities of the Markov process M;, it can be shown that if M, is

time-homogeneous, we have:
1

to=—, t,=—. (3)
a

3. If ¢, is small in comparison with the characteristic time of change of the
process 5‘,:, t > 0, then we can say that the process S;, t > 0, describes
asset prices with spikes. For example, if S, t > 0, is the diffusion
process of the Black Scholes model then the previous condition can be
stated as follows:

027?S:U—Z<<1 and MES:H<<1.
a a
That is we can interpret ¢, as the expected lifetime of a spike, and ¢, as
the expected time between two consecutive spikes. In this way the
parameters a and b control the duration and the frequency of the spikes.
For  example, equations  (3) suggest that to model

short-lived spikes the parameter a must be chosen to be relatively large,

while to model rare spikes the para-meter b must be chosen to be

relatively small .

4. The asymptotic probabilities of the time-homogeneous Markov process
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M;, t > 0, of being in the spike and in the regular states are given

respectively, by:

a
a+b

pS(OO) =Ts = G——M,quadpr(OO) =Ty =

5. In the special case of short-lived spikes with constant amplitude, the

expected lifetime of a spike ¢, is relatively short with respect to the

expected time between spikes 7, that is:

t, < t,, 1e. a>b.

If we define the characteristic lifetime of a spike t.;, as t., =

S
|

then the asymptotic probabilities 7, and 7. can be represented as

follows:
TTg = tch + O(tch), Ty = 1— tch + O(tch), when tch — O,

where o(t,,) stands for a term of the order higher than ¢.;, when ¢, — 0.

The parameters that must be estimated from the data in the calibration

problem are:

o the Black-Scholes model parameters: p, o,

e the spiky asset prices model parameters: a, b, A,

that is, the following vector:
Q = (:U’J g, a, b7 A)T9

where T denotes the transpose operator.
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The vector © is the unknown of the calibration problem.

The following set of constraints must be satisfied by the vectors © that

describe admissible sets of parameters:

M={0=(u,0,a,b, ) €R’|c >0,a >0,b>0,\>1}.

2.2.4 The Calibration Problem (More)

DATA

e the observation times 0=ty <t; <ty <...<t, <4+00;

e the spiky asset prices S; observed at time #;,/=012. .. n.
We want to use these data to solve the following problems:

e Calibration Problem: find an estimate of the vector © = (u, o,
a,b, \)T.

e Filtering Problem (Forecasting Problem): given the values of the

model parameters © = (u, 0, a, b, \)T forecast the forward prices.

Note that with forward prices we mean prices “in the future”, that is
future prices associated to the spot prices S;, observed at time ¢;
t = 0,1,...,n. The meaning of future at time ¢; is simply ¢ > ¢;. Let us
observe that for each spot price we can forecast a series of forward prices

associated to it.

That is the calibration problem consists in estimating the vector © from

the data given by the observations at time ¢ = ¢; of the asset prices
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containing spikes S; = /\tiS’i, for + = 0,1,...,n, i.e. consists in
estimating the value of the vector © that makes most likely the available

observations F; = {S; = )\tiS’i <t} t>0.

As a byproduct of the solution of this calibration problem we obtain a

technique to track the forward prices.
Remark

For simplicity we assume that the transitions from regular state to spike

state or viceversa happen in the observation times.

2.2.5 Solution of the Calibration Problem

Let

1. p(S,t|F,,0) be the probability density function of the stochastic

process 5,5 at time ¢ > 0 conditioned to the observations JF;;

2. pi(S,t|©) = p(S,t|F;,,©) be the probability density function of the
stochastic process S, conditioned to the observations made up to time

t=1t,t; <t <ty1,72=0,1,...,n where we define ¢,,;1 = +00.

In order to measure the likelihood of the vector © we introduce a
(log-)likelihood function:

n—1

F<Q):Zlogpi(gi+1ati+1|9), 0 e M.

1=0
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The solution of the calibration problem is given by the vector © that

solves the following optimization problem:

max F'(9). (4)

This problem is called maximum likelihood problem and is an
optimization problem with nonlinear objective function and linear

inequality constraints.

In order to solve problem (4), we must evaluate the (log-) likeli-hood

function F'(©), i.e. we must evaluate the probability density functions:

pi(S,t0),8 >0,t; <t <ty1,0 €M, fori=0,1,..n.

The probability density functions p;, 7 = 0, 1, ..., n—1, are solutions of the

following Fokker-Planck equation associated to the Black-Scholes model:
fori =0,1,....n—1,

8 ) 1 Jay 82 ) Aa i N
Pi_ 252520 P LGP S04 <t <t
ot 2 052 oS (5)

where

fo(5;0) = 6(5 = 5%),

pr 0358005 (5-F) | patSi)

fi(g§@>:

Y

Si
Pr(ti)piz1(Si, 6|©) + ps(ti)pi—a (X’ ti‘@)

1=1,2,...,n,
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where p,.(t;) and ps(t;) are respectively the probabilities of the
time-homogeneous Markov process M, t > 0, of being in the regular and
in the spike state at time ¢ = ;.

Remark

The conditioned probability density functions p;, ¢ = 0,1,..., n — 1,
solutions of the initial value problems (5), (6) for the Fokker-Planck
equation, can be written as an integral with respect to the state variable of
the product of the fundamental solution of the Fokker-Planck equation

associated to the Black- Scholes model with the initial conditions (6).

2.2.6 The Filtering Problem

Let us assume that the vector © and F; = {S; = AS;t < t},t > 0are

given.

From the knowledge of the values of the model parameters

O = (u,0,a,b,\)T we can forecast the power forward prices as follows:

E(SE™)=E(A E(S:)=(1- po(7) + A - py(m) E(S, e,

where E(-) denotes the mean value of -.
9
. o A 1
Note that we use the following approximation: E(S;,) = 0 Z
k=0

A

S;_r since the average in time of the observations gives a better

approximation of the “spatial” average than the single measure S;.
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The optimization algorithm used to solve the maximum likelihood

problem.

The technique used to solve the maximum likelihood problem is based

on a variable metric steepest ascent method.

Beginning from an initial guess ©°, we update at every iteration the
current approximation of the solution of the optimization problem with a
step in the direction of the gradient of the (log-)likelihood function
computed in a suitable variable metric to take care of the constraints.

Note that the initial guess ©° € M is built with some elementary ad hoc

steps.

Let us fix a tolerance value § > 0 and a maximum number of iterations
iter > 0, we denote with ©* the (numerically computed) maximizer of the

(log-)likelihood function.

1. Set k = 0 and initialize © = O°;

2. Evaluate F(©"), if k > 0 and if |F(©") — F(©"")| < §, where | - |

denotes the absolute value of -, go to item 7;

3. Evaluate the gradient of the (log-)likelihood function: VF(6%) =
T
(g—ig—fg—F%—gg—f) (), if [VF(6Y)|| < & where || - || denotes

the Euclidean norm of the vector -, go to item 7;

4. Perform the steepest ascent step, evaluating ©" " = 0%+, VF(6F),
where 7, is a positive real number representing the length of the step
done in the direction of VF(©F). The choice of 7, involves the use

of “variable metrics”;
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5. If ||©FT! — ©%|| < 6, go to item T;
6. Set k = k+ 1, if k < iter go to item 2;

7. Set ©* = ©F and stop.

2.2.7 Some Numerical Results on Real Data

The real spiky data studied are electric power prices data taken from

the U.K. electricity market. These data are “spiky” asset prices.

DATA

e the observation times 0 = tg < t; < tp < ... < t, = 1395 < +o0

(days)(more than 5 years of daily observations: from 01/05/2004 to
07/10/2009);

e the spiky asset prices .5; at time ¢;, where .S;=spot daily electric power
price (GBP/MWh), namely Day-Ahead price,: =0,1,2,... n.
For each spot price there is a series of forward prices associated to it for

a variety of delivery periods. These include:

e forward price 1 month deep in the future (Month-Ahead price);

e forward price 3 months deep in the future (Quarther-Ahead price);

e forward price 4 months deep in the future (Season-Ahead price);

e forward price 1 year deep in the future (1 Year-Ahead price);

These forward prices are observed each day ¢; and are associated to the
spot price S;, ¢t =0,1,2,...,1395.
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SPIKY SPOT PRICES AND FORWARD PRICES

180 T T T I
—— Day-Ahead prices
— Month-Ahead prices
160} —— Quarter-Ahead prices ||
—— 1Year-Ahead prices

Prices(GBP/MWh)

t(Years)
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2.2.8 Is the Model for Spiky Prices a Satisfactory Model?

Let us begin showing that the relation established between the real data

and the reconstructed parameters of the model is a stable relationship.

The idea is the following.

We have more than 5 years of observations. We apply the calibration
procedure on a large window of about one year of consecutive observation

times.

We move this window through the data time series discarding the data
corresponding to the first observation time of the window and inserting the

data corresponding to the next observation time after the window.

In this way we have about “four years of windows” and for each one of
these windows we solve the corresponding calibration problem. We show

that, changing the window, the reconstructed parameters remain stable.

The reconstructions of the parameters obtained moving the window
along the data are shown below.
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0.1

0.08 -
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0.04

0.02

1 1 1 1 1 1
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t (Years)

1 1 1 1 1 1 1
15 2 2.5 3 35 4 4.5 5
t (Years)

The Black-Scholes model parameters: pu, o.
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80
60 -
40+ .

20 b

t (Years)

The spiky asset prices model parameters: a, b, A.

2.29 Comparison Between the Real and the Forecasted Forward

Electric Power Prices

e A preliminary (ad hoc) step in the processing of real data is
introduced and used to obtain a satisfactory formulation of the

maximum likelihood problem as an optimization problem.

e The calibration procedure is applied to a large window of about three

years of consecutive observation times.

e The following forward electric power prices are obtained.
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2.2.10 Month-Ahead Prices

160

I
—— Real Forward Prices
—— Forecasted Forward Prices

140

120

100

Prices(GBP/MWh)
©
o
T

60 -

40

20

t (Years)

Relative error on the forecasted values 0.1179.
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2.2.11 Quarter-Ahead Prices

160

I
—— Real Forward Prices
—— Forecasted Forward Prices

140

Prices(GBP/MWh)

t (Years)

Relative error on the forecasted values 0.1318.

http://www.sciencepublishinggroup.com 125



Research Seminars in Mathematical Finance: Stochastic Volatility Models, Option Pricing,
Calibration

2.2.12 1Year-Ahead Prices

160 T

—— Real Forward Prices

—— Forecasted Forward Prices
140 B
120 =

100 -

80

Prices(GBP/MWh)

60 -

20

0 I I I I
3 35 4 4.5 5 55

t (Years)

Relative error on the forecasted values 0.2547.
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Section 2.3
The Analysis of Electric Power Price Data and of the
S&P 500 Index Using a Multiscale Stochastic Volatility

Model

[Description] We use filtering and maximum likelihood methods to solve
a calibration problem for a multiscale stochastic volatility model
(including the risk premium parameters when necessary) and its two
initial stochastic variances from the knowledge, at discrete times, of the
asset price and, eventually, of the prices of call and/or put European
options on the asset. This problem is translated in a maximum likelihood
problem with the likelihood function defined through the solution of a
filtering problem. We develop a tracking procedure that is able to track
the asset price and the values of its two stochastic variances for time
values where there are no data available. The solution of the calibration
problem and the tracking procedure are used to do the analysis of data
time series and to forecast asset and option prices. Specifically we study
two time series of electric power price data taken from the U.S. electricity
market and the 2005 data relative to the US S&P 500 index and to the
prices of a call and a put European option on the S&P 500 index. The
forecasts of the asset prices and of the option prices computed with the
tracking procedure are compared with the prices actually observed and
the comparison shows that they are of very high quality even when we

consider "spiky” electric power price data.

[Paper] Fatone L., Mariani F., Recchioni M.C., Zirilli F. (2013). The
analysis of real data using a multiscale stochastic volatility model,
European Financial Management 19(1), 153-179.

[Website] http://www.econ.univpm.it/recchioni/finance/w9
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2.3.1 Outline of the Presentation

e Electric power price data
e The multiscale stochastic volatility model

e Formulae to forecast prices in the multiscale stochastic volatility

model
e The calibration and filtering problems

e The maximum likelihood and the least squares approaches to the
calibration problem

e Analysis of electric power prices and of the S&P500 index

e References

2.3.2 Notations

e S, asset or commodity price at time ¢;

1 drift rate of Sy;
e v, = In(S;/Sy) log-return of the asset or of the commodity price at
time ¢;

e C, observed price at time ¢ of an European call option on the asset or
commodity whose price is S; with maturity time 7" and strike price
E;

e P, observed price at time ¢ of an European put option on the asset or
commodity whose price is S; with maturity time 7" and strike price
E;

e vy, t > 0,1 = 1,2, stochastic variances associated to the asset or
commodity price S, t > 0.
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2.3.3 Electric Power Prices and Associated Log-Return

Electric power prices (with spikes)
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The use of a (multiscale) stochastic volatility model to work with these
prices is not only useful but it is necessary.

We choose the multiscale stochastic volatility model proposed by Fatone
et al. 2009.

2.3.4 The Multiscale Stochastic Volatility Model

dIt = (M+a101,t+a202’t)dt+bh /ULtthl + b /UQ,tth27 t>0,
dUl,t = X1 (91 — Ul,t)dt + 51\/Ul7tdZt1, t > O,
dvg,t = X2(02 — Ug’t)dt + 82«/U2’tdZt2, t> 0,

To = To, V10 = V10, V20 = V20,

where the quantities a;, b;, i, €;, 0;, © = 1,2, are real constants satisfying
xi > 0,6 >0,0; >0, 2’;—20 > 1,7 = 1,2. Moreover W}, W2, Z}, Z2,
t > 0, are standard Wiener processes such that Wy = W§ = Z}) = Z3 =

0, dW}, dW2,dz}, dZ?, t > 0, are their stochastic differentials.

The correlation structure of the model is given by:

wt ozt w2 Z?
Wil 1 p 0 0
Z'pp 1 0 0
W2l 0 0 1 p
22 0 0 P2 1
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2.3.5 The Multiscale Stochastic Volatility Model Generalizes the
Heston Model

When we choose a; = ay = —%, b; = by = 1, the model reduces to:

1 1
dry = (p — ULt~ EUQ,t)dt + \/'ULtthl + ,/vude, t>0,

dUl’t = X1 (91 — Ul’t)dt + 81«/’01’tdZt1, t > 0,
dvgﬂg = XQ(QQ — ’Ugﬂg)dt + 82«/U27tdZt27 t> 0,

To = Tg, V10 = V10, V20 = V20,

We call the model corresponding to this choice Double Heston model
that generalizes the Heston model (see Heston 1993).

When 0 < x; < X2 the two stochastic variances v ¢, v24, t > 0, capture
respectively the long term variance (slow time scale) and the short term

variance (fast time scale). The model is multiscale when 0 < y; << xo2.

2.3.6 Model Parameters

The parameter vector that must be estimated (from the observed data) is:
O = (1, 1,01, €1, 1,0, A1, X2, 02, €2, A2, D0, p1, p2) € R™,
where \;, 7 = 1, 2 are the risk premium parameters.

Note that when we work on the calibration problem using as data only
option prices we can incorporate the risk premium parameters \;, ¢ = 1, 2,
associated to the risk neutral measure into the parameters y; and 6;, i =
1,2.

That is a model with x; = x; + \;, 07 = 0;x:/(x: + \i), instead of x;, 6;,
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1 = 1,2 should be considered to take into account the fact that the option

prices are computed with respect to the risk neutral measure.

Note that when we work on the calibration problem using as data only

asset prices we can omit the risk premium parameters \;, ¢ = 1, 2.

2.3.7 Why do We Use a Multiscale Model?

1. Several empirical studies of real data have shown that the term
structure of the implied volatility of the price of many underlyings
seems to be driven by two different factors varying on two different
time scales (y; << x2).

2. This type of models is able to reproduce spikes through the use of
a fast time scale volatility together with an intermediate time scale
volatility.

Why do we use the previous multiscale model ?

1. The model contains as special cases some well known models such
as the Black Scholes model and the Heston model.

2. The model is explicitly solvable that is, under the assumptions made
above on the correlation structure, the transition probability density
function of the stochastic process solution of the model is
represented as a one dimensional integral of an explicitly known
integrand. This property makes possible to price put and call options
in the model computing one dimensional integrals, that is using easy

to handle formulae.
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2.3.8 Spikes Generated by the Multiscale Stochastic Volatility Model

e Multiscale trajectory parameters: p = 0.03, 8; = 0.01, 6, = 0.03,
X1 = 1, X2 = 100, P1 = —0.5, P2 = —0.7, g1 = 0.25\/)( , E9 =
QN/X . ’171’0 = 005, ’172’0 = 0015,

e Heston trajectory parameters: p = 0.03, 6; = 0.01, x; = 1, p1 =
—0.5, 1 = 0.25/X1, 01,0 = 0.05.

The choice x; = 1 and x2 = 100 made in the multiscale trajectory
parameters guarantees that the stochastic variances change on different
time scales.

3

- multiscale trgjectory
X — Heston trgjectory

Example of synthetic data
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2.3.9 An Explicitly Solvable Model

e The transition probability density function of the stochastic process
solution of the model can be written as a one dimensional integral of

an explicitly known integrand (Fatone at al. 2009).

e The price of European vanilla call and put options in the model can be
written as a one dimensional integral of an explicitly known integrand
(Fatone et al. 2009).

e The joint probability density function of the state variables of the
model, that is of z; and of the associated stochastic variances vy 4,
vy conditioned to the observations of the asset prices and of
European options prices can be written as a double integral (Fatone
et al. 2013).

2.3.10 One Dimensional Integral Formula for the Transition
Probability Density Function of the Multiscale Model

We have derived the following formula:

1 /
pf<x7/017U27t7$/7vll7vl27t/) = / dk eZk(ziw —h) '
21 Jr

2
H e*QXiGi((Vi+Cz‘)7'+1n(5i,b/(2§i)))/512 .

i=1

(xi0i/e2)—1/2
6—27’2(92—1’2-2)Si,g/(E?Sv:,b)B—Mi(ﬁﬁ-vi)Mi (ﬂ) .

(%

I2Xi‘97;/51271 <2Mi(@wi)l/2)] 7

(z,v1,09), (2,0, 0v) ERxRT x RY £,/ >0,t —t' >0,
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where the quantities s;, s; 4, U;, M;, 1 = 1, 2 are elementary functions.

2.3.11 The Elementary Functions Appearing in the Transition
Probability Density Function

The functions s;, s; 4, 0;, M;, @ = 1,2 are given by:
Sig=1—e 7 sip=C—vi+(GHv)e X r>0,i=1,2,

e W 285 ,
U= ——m—, M;= 21’ , T>0,1=1,2,
(sis) €i%Sig

where

1
V; = —5 (Xz—f—lkblé‘zpl), k ER,Y;Z 1,2,

(407 + ] (b7 + 2zkai))1/2,k ER,i=1,2.

DN | —

G =

2.3.12 European Vanilla Call Option Price in the Multiscale
Stochastic Volatility Model

Using the risk neutral formula it can be seen that the price of a European

vanilla call option at time ¢ = 0 with time to maturity 7 > 0, strike price
E and asset price Sy at time ¢ = 0 is:
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S
0(77E750ﬂ71,0ﬂ72,0)=§ e’ dk

o +00 64Lk(10g(50/E)—HLTFIOg(E/SO)
/ - —k2 -3k +2 '

2
H(edx;‘@;“(Vf+<f+log(85,b/(2<f)))T/Ef6*2@,0((65)2*(Vf)Q)Sf,g/(E?S;",b))

=1

)

V1,0, V2,0 > 0,

where r is the risk free interest rate, v o, U2 are the stochastic variances
at time ¢ = 0O that cannot be observed in real markets and that must be

estimated from price data. Finally we have:
1
v; = 3 (i +rkbigipi — 2bipie;)  k € Ri= 1,2,
(402 +2 (02K 420 k a;+40 kb —4(a;+b2)))7*

keR,i=1,2,
§¢ =1—e 26T, sf’bzg?—uf—i-(Cf+uf)e_2<i07, 7>0,i=1,2.

%9 %

A similar formula holds for the put option price.

2.3.13 Conditioned Joint Probability Density Function
Letbety =0, t; <ti+1,i:0,1,...,n— 1.

We suppose that the option price observations C;, P;, made at time ¢ =

t;i;i = 0,1,...,n, are affected by a Gaussian error with mean zero and
known variance ¢;, © = 0,1,...,n, and that the asset log-returns z;, ¢ =
0,1,...,n, are observed without error.
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The joint probability density function of z; and of the associated
stochastic ~variances v;;, v2; conditioned to the observations

Fi =A{(z;, C,, f’l) t; <t,1>0},t> 0, can be represented as follows:

pi(,v1,09,t|O) / dvl/ dvyp (2,01 ,02,t,34,07 V5, t;)
fi(viavé;@)a
(33',?]1,’02) eR xR" XRJr, t; <t<ti+1,i:O,1,...,n,

pi(T, v1, V9, 1;]0)=0(2—T;) fi (v1,v2; ©), (T,01,v2) ERXRTXR™,
i=0,1,....n

where f;(v],v5;0),i=0,1,...,n are given below.

2.3.14 The Functions f;,:=0,1,...,n

Jo(v1,v9;0) = §(vy — D10)8(va — Dayg), (v1,v2) € RT x RT,

andfort=1,2,...,n
Pi—1(Zi, v1, 2,8, |©) 71 (T4, v1, V2, 1]O)

fi(U1>U2;Q): Foor+
0 0

pi E0 bt | Fs vyt |© Mvldus,

(r,v1,v2) € R x RT x R,
1 1
V2T /2T,

6(72%5' [(Cﬁc(fiﬂ)l,vz,ti;Kz‘7T¢,@))2+(Pﬁp(fz‘,vl7v2,ti;K¢,Ti,@))2D

T1(Zi, 01,02, 4|O) =

3

)

(:Z’,»,vl,vQ) ER xRY x R+,
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where p;_1(Z;, v1, 09, t; |©) = limHt; Pi—1(Ti, v1, 02, t[0),

lim, ,,- means left limit for ¢ that goes to ¢;, ¢ = 1,2, ..., n.

2.3.15 Formulae to Forecast the Log-Return and the Associated

Variances

Given the parameter vector O of the stochastic model, we can forecast
the values of the state variables of the model z;, vi¢, vay, ¢ > 0,
respectively as the expected values Z;g, 01,49, U240, t > 0, conditioned
to the observations contained in F;, ¢t > 0, of the random variables x;,
U1t, U2yt, t > 0. Thatis fort; <t <t;11,¢=0,1,...,n we have:

Tye = E(x| 7, ©)

i 0, 0 E 1 — eXa-i(t=t)

2x2-j
(1 — exa-gli=ti)y  poo oo A
_ 9 ) / dUQ—jUQ—j / dvj+1fi(1)1, Vs; Q)} dj1o
X2—] 0 0
= E(U‘]1t|ﬂ77Q) — 8](1 _ e_Xj(t—ti)))

+oo +oo
+ G_Xj(t_ti)/ / dvydvs Ujfi(”la”%@)a Jj=12,
0 0

2.3.16 Calibration and Filtering Problems

We want to estimate the parameter vector © of the multiscale model

starting from price data. To this aim we solve the following problems:

1. Calibration (Estimation) Problem: find an estimate of the vector ©

starting from the observations, that is, for example, from the
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knowledge at time ¢t = ¢; (t; < tj41,t,01 = +00) of the stock
log-return z; and/or of a call option price C;,, and/or of a put option
price P; for i = 0,1, ..., n. This means find the value of the vector
© that makes most likely the observations F; = {(9@,@-,]%) :
ti <t}, t >t

2. Filtering Problem (Forecasting Problem): given the value of the
model parameter vector © forecast the stock log-return for ¢t # t;,
¢ =1,2,...,n and the stochastic variances v; 4, vo; for ¢t # ¢;, and in
particular for ¢ > ¢,. The filtering problem has been solved in the
previous slide and the probability density function conditioned to the

observations employed in its solution is used in the solution of the
calibration problem.

2.3.17 Calibration Problem - Maximum Likelihood Approach (ML)

Let R'? be the 13 dimensional real Euclidean vector space and let M be

the set of the admissible vectors O, that is:

M :{@: (61, 917 £0,1, X1, 170,17 M, >\1, €2, ‘92, £0,25 X2, ?70,2, /\2)

€R13|€iXia0i207i:172)>§—2 217

%

—1<po; <1,00;, >0, xis+ A >0,7=1,2}.

The solution of the following maximum likelihood problem is a point
©" whose coordinates are the parameter values that “make most” likely the

occurrence of the observations (z;, é,», R) attimet =+t;,2=0,1,...,n:

max F'(©),
o0eM
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where F'(©) is the (log-)likelihood function defined as follows:

n—1 +oo  pHoo
F(Q):Zbg [/0 /0 Pi(Ti1,v1,02,4,,,1]|9)
i=0

1 (Zig1, V1, Vo, tiga |@)dvldvz] +

log[m1 (%o, 01,0, D20, t0|©)], © € M™.

2.3.18 Calibration Problem - Least Squares Approach (LS)

Let R!'! be the 11 dimensional real Euclidean vector space and let M be

the set of the admissible vectors ©, that is:

M* - {Q - (6170I7p1aXT760,17,ua 6279;’p27X§76072) € Rll |
2x;0;
&7

eiXi 07 >0,i=12 >1,-1<p;<1,09,>0,i=1,2},

at time ¢, t > 0, we solve the following optimization problem:

Jduin Ly(©),

where the objective function L,(©), t > 0, is defined as follows:

Lt(Q)Ii [Ct’@(gt,Ti, K;) — C(S. T, Ki)]2+
i=1
i [Pt’@(ét, T, K;) — P'(S.. T, Ki)} i :

i=1

Ct, P! are the observed prices (data) of European vanilla call and put

options respectively and C*®, P“© are the corresponding theoretical
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prices. Note only option prices are used as data in this formulation of the

calibration problem.

2.3.19 Numerical Results on Real Data: S&P 500 Index

1. LS approach. For each month we proceed solving the calibration
problem using all (in, at, out of the money) the call and put option
(daily closing) prices available to us relative to the third day of the
month. For example November 3, 2005 (m,. = 303 call options prices
and m,, = 284 put options prices). The implied values of the vector ©
obtained solving the calibration problem using the data of November
3, 2005 (i.e. the third day of the month) are used to forecast the
option prices of November 7 (m. = 303, m, = 290), November 14
(me = 305, m, = 295), and November 28 (m. = 292, m, = 265),
2005. This procedure is used for each month considered. The total
number of data used in each calibration problem is approximately
5 — 600.

2. ML approach. For each month where we want to forecast the
S&P500 log-return we use the data contained in a window made of
the last fifteen consecutive observation days of the previous month.
For example to forecast the value of the log return in November 7,
14, 28, 2005 we use as data the last fifteen daily observations (daily
closing values) of October 2005 of the log-return of the S& P 500
index and of the call and put option (bid) prices on the S& P 500
index having maturity time December 16, 2005 and strike price
E = 1200. The total number of data used is 15 x 3 = 45.
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2.3.20 Forecasted Values of Call and Put Options

0 Multiscale model call option prices
—— Observed call option prices

v Multiscde model put option prices | 0.5
06 —+— Observed put option prices &
' T(dys) = 145 04 X t(doys) = 211
0.5
V/SO 04 V/S0
0.3
0.2
0.1
0 T AP 2
0.4 0.6 0.8 1 1.2 1.4
K/S0
\//SO V/SO
04 06 08 1 12 14 04 06 08 1 12 14

November 28, 2005: European vanilla call and put option prices (V)
on the S&P500 index forecasted using the multiscale model and prices
observed in the market (model calibration done with the data of November
3, 2005) versus moneyness //Sy. The value of the S&P500 of November

28, 2005 is assumed to be known when the option prices are forecasted.
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2.3.21 Maximum Likelihood Calibration - Errors on Forecasts

number of daysinthe

€index €call option €put option
future of the forecast
1 7.522-107° 0.0659 0.0407
2 1.303-107* 0.0559 0.0737
3 1.7509 - 1074 0.0893 0.0952
4 2.6962-10~* 0.0528 0.0793
5 2.9114-10"* 0.0496 0.0822
15 3.7106 - 1074 0.0268 0.1810
30 3.5094 - 10~* 0.0717 0.1099

Average of the relative errors of the forecasted values of the SP&500
and of the corresponding call and put option prices having strike price
E = 1200 and maturity time 7' = December 16,2005 in January and
February 2005 when compared to the prices actually observed. Note that
the forecasts of the option prices are made using the forecasted values of
the S&P500 index.

2.3.22 Comparison Between Least Squares (LS) Approach and
Maximum Likelihood (ML) Approach

The quality of the forecasted values of the option prices is established
comparing the prices actually observed with the forecasted prices when
the maximum likelihood (ML) or the least squares (L.S) method are used

in the calibration of the multiscale model.
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Datet Eﬁncan,ML anean,LS
January 28, 2005 4.69-1073 2.84-1073
June 7, 2005 5.99-107° 1.75-1073
June 28, 2005 6.87-1073 2.56-1072
November 7, 2005 3.68-1073 3.04-1073
November 14, 2005 3.07-1073 2.21-1073
November 28, 2005 3.21-1073 2.41-1073

e The ML approach uses as data only fifteen values (observed in fifteen
consecutive days) of a unique option price (call or put) (exercise price
E = 1200, maturity date Decem ber16,2005) and of the S&P 500

log-return.

e The LS approach uses as data about 5-600 option prices (both calls

and puts) observed in a given day.

Remember that the calibration in the LS approach is made assuming

known the data up to the third day of the month where we do the forecasts.

2.3.23 Analysis of Electric Power Prices

The numerical experiment considers two time series of electric power
price data. The first time series consists of 365 daily observations S;,
v = 0,1,...,364, that is it is a year, made of 365 days, of daily
observations. The second time series consists of 765 daily observations
S i = 0,1,...764. In this experiment no option price data are used. The

following  Figures show the daily log-return increment
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Ti — Ti1 = log(gi/g'_l), i = 1,2,...,364, of the electric power price
data S;, i = 0,1,...,364, and the log-return increment of the electric

power price data S, i= 0,1,...,364.
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2

log(S; /8¢.1)

1.5 b

-0.5

D) I I I I I I I
0 50 100 150 200 250 300 350

t(days) (a)

2

log(S; /St.1)
15

05F B

05 F |

I I I I
0 50 100 150 200 250 300 350

t(days)  (b)
Electric log-return increment series (S;) with no spikes (a) electric log-return increment
series (S‘i) with spikes (b).
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2.3.24 Analysis of Electric Power Prices: Numerical Results

We begin the analysis of these time series calibrating the multiscale
model using a data window made of 26 consecutive daily observations
and we move this window along the time series substituting the first
observation of the window with the next observation after the window.
Figures (c) and (d) show the results obtained solving the 340(=365-26+1)
calibration problems associated to the two time series (Figures (a) and
(b)) of data as a function of the index ¢; forz; = 1,2,...,340. The index
11 1s the index associated to the first observation day of the data window
used in the calibration.
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20
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10
0 CRR— : ‘ B
0 100 200 300 0 100 200 300
e, volatility of volatility versus 1, £, volatility of volatility versus 1
4 : : : 15 : : :
3
10
2
5
1
o2 ‘ ‘ ‘ 0 — ‘
0 100 200 300, 0 100 200 300
) ) long-run mean variance versus 1; 92 long-run mean variance versus 1;
60 ‘ ; ;
1000 CE——
40 800
600
20 400
200
o : : 60 : :
0 100 200 300 0 100 200 300
), Mean reversion parameter versus 1, X, Mean reversion parameter versus 1, @

Estimated parameter values obtained solving 341 calibration problems using as data the
electric power prices (time series with no spikes, Figures (a),(c)) and (time series with
spikes, Figures (b),(d)) versus the calibration problem number ;.
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2.3.25 Analysis of Electric Power Prices: Description of the Results

We focus our attention on Figures (c) and (d) to point out the different
behaviour of the estimated parameter values in the two cases. In absence
of spikes (Figure (c)) the parameters ¢;, 0;, x;, ¢ = 1,2, are stable, that
is they are approximately constants as a function of i, and y; and x»
are of the same order of magnitude (i.e.: xy;1 = 1, x2 ~ 4). In presence
of spikes (Figure (d)) the parameters ¢;, 6;, x;, © = 1,2, have a jump in
correspondence of the first spike. Moreover looking Figure (b) and Figure
(d) we can see that the calibration procedure produces two values of the
ratio x1/xa, in particular after the spike (i.e. 4; > 100) there is a jump in
the ratio 1 /x2 and we have x; << xa.
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Estimated parameter values (time series with no spikes, Figure (c)) and (time series with

spikes, Figure (d)) versus the calibration problem number 7; .

http://www.sciencepublishinggroup.com

153



Research Seminars in Mathematical Finance: Stochastic Volatility Models, Option Pricing,
Calibration

2.3.26 Analysis of Electric Power Prices: Forecasted Prices

Using the formulae presented above to forecast the log-return x; and the
corresponding price S; when we use as data the electric power prices S,
1 =0,1,...,764 (time series with spikes) we obtain the results shown in
the Figures below.
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Forecasted values (one day in the future) (stars) and observed values (squares) of the

log-returns (a) and corresponding forecasted values (one day in the future) (stars) and
observed values (squares) of electric power prices (b).
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Forecasted values and observed values one day in the future (Movie)
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2.3.27 Future Work

e Use the multiscale stochastic volatility model to evaluate insurance
products such as life insurance products. That is we want to apply
the approach proposed here, typical of quantitative finance, to the
problem of pricing insurance products coupling to the stochastic
equations that define the multiscale model (used to describe, for
example, the S&P 500 that is the financial part of the life insurance
product) a new stochastic differential equation that models some
typical insurance variable, for example, a demographic variable

(such as mortality).

Develop efficient grid enabled algorithms to solve the optimization
problems coming from the application of the maximum likelihood

approach to the calibration problem.

Note that several numerical experiments and digital movies relative to

the problems considered here can be found in the website:

http://www.econ.univpm.it/recchioni/finance/wS8.

A more general reference to the work in mathematical finance of the

authors and of their coauthors is the website:

http://www.econ.univpm.it/recchioni/finance.
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