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9.1 Introduction

An Orlicz function is a function M : [0,00) — [0,00), which is
continuous, non-decreasing and convex with M (0) = 0, M (z) > 0 for
z > 0and M(x) — oo as x — oo.(see[4,47]). If the convexity of the
regular function M is replaced by M (xz +y) < M (z) + M(y) then this
function is called as Modulus function. This function was introduced by
Nakano[58].  Ruckle[64] and Maddox[56] further investigated the
modulus function with applications to sequence spaces.

In this chapter we introduce the following class of sequence spaces:

2ZH(f) = {(zy) € aw : I — limf(|a:;j —L|) =0, forsome L € C },

’

225(f) = {(w) € ow: I —lim f(|z;]) = 0},
225 (f) = {(wij) € ow: {(i,j) e NxN:

’

there exist K > 0: f(|z;:|) > K € I}.

v

2Z0(M) = { = (2;5) € ow : sup f(lz]) < 00}

Throughout we denote

myz(f) = 225(f) N 22(f) and myz,(f) = 225(f) N 220(f).

Throughout the article, for the sake of convenience we will denote by
ZP(zi5) = ', ZP(yij) =y, ZP(245) = 2 forz,y, 2 € w.

“Under the leadership of our dear masters Banach and Steinhauss we were practicing in Lwéw intricacies of
mathematics”- Orlicz-1968.
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9.2 Main Results

Theorem 9.2.1. For any modulus function f, the classes of sequences
2Z1(f), 22{(f), m!z(f) and mgzo(f) are linear spaces.

Proof. We shall prove the result for the space »Z7(f). The proof for the
other spaces will follow similarly. Let (), (v;;) € 22'(f) and let «, 8

be scalars. Then
I— limf(|:p;j — L4]) =0, for someL; € C ;
I— limf(\y;j — Ly|) =0, for someL, € C ;
That is for a given € > 0, we have
Ay ={(i) € NXN: fllaly = La]) > S} € 1, 9.1]
Ay ={(i,5) e Nx N : f(lyy; — La|) > g} el 9.2]
Since f is a modulus function, we have
F(l(awiy + Bys;) — (aLy + BL2)) < f(lallay; — Lal) + f(1B]ly;; — Lal)
< f(lay; = Lal) + f(lys; — Lal)
Now, by [9.1] and [9.2],

{(6,5) € Nx N f(|(axy; + Byy) — (aLy + BLs)|) > €} C Ay U Ay,

Therefore (ax;; + Byi;) € 227(f). Hence oZ!(f) is a linear space.
We state the following result without proof in view of Theorem 2.1.
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Theorem 9.2.2. The spaces m!(f) and m! (f) are normed linear

spaces, normed by
[l 11« = sup f(|;]). 93]
z?]

Theorem 9.2.3. A sequence = = (x;;) € mg 2(f) I-converges if and only

if for every € > 0 there exists /N, € N such that

{(i,7) ENxXN: f(lzy, — 2y |) < e} € mlz(f) [9.4]

Proof. Suppose that L = I — limz’. Then
B, ={(i,j) e Nx N: |x;j - L < %} € m!z(f).Forall e > 0.
Fix an N, € B.. Then we have

€

2

’ / , , c
ey, — 2yl < ley, = LI+ L =] < §+ =¢
which holds for all (¢, j) € B.. Hence

{(i,j) E NX N f(lzy; — zy.|) < e} € mlz(f).

Conversely, suppose that
{(i.) e Nx N: f(lzy; — ay|) < €} € mz(f)-
That is
{(i,j) e Nx N: |x;j —a:;v| <€} € miz(f)

for all € > 0. Then the set
Ce={(i,j) e Nx N: a:;j € oy, —6xy +e} € m!z(f) for all e > 0.

Let J. = [z)y. —¢, 2y, +e€]. If we fixan € > 0 then we have C, € m!-(f)
as well as C'c € m! z(f). Hence C. N Cy € m!;(f). This implies that

Jeﬂjg%qﬁ
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that is
{(i,4) € NxN:ay; € J} € my5(f)
that is
diamJ < diam.J.

where the diam of J denotes the length of interval J. In this way, by

induction we get the sequence of closed intervals

with the property that diam [;; < % diam I,_, for (k=2,3,4,....) and
{(i,j) e Nx N:a;; € Ij} € ml;(f) for (k=1,2,34,......).

Then there exists a ¢ € NIj, where (4, ) € NxNsuch that ¢ = I —lim z.
So that f(&) = I —lim f(a'), thatis L = I — lim f(z').

Theorem 9.2.4. Let f and g be modulus functions that satisfy the A,-
condition. If X is any of the spaces 27, 22, m!; and m!, , then the

following assertions hold
@X(g) € X(f.9),
X (f) N X(g) € X(f +9)

Proof. (a) Let (z;;) € 22Z{(g). Then

’

I —lim g(|z;;|) = 0 [9.5]

vy

Let ¢ > 0 and choose § with 0 < § < 1 such that f(t) < efor 0 < ¢ < .

Write y;; = g(|:z:;J]) and consider

lim f(ys;) = Hm f(y) <o + 1m0 (535)g,,>5

We have
lim f(ys;) < f(2)lim(yy) [9.6]
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Yij Yij Qg . . .
For y;; > 0, we have y;; < = < 1+ . Since f is non-decreasing, it
follows that

1 ka

Flog) < £0+ %) < 2r@) + S FC2)

Since f satisfies the A\y-condition, we have

Flog) < SKY5(@) + S % p(2) = K% 5(2)

Hence
lim £(y3;) < maz(l, K)o~ f(2) lim(y;). [9.7]

From [9.5], [9.6] and [9.7], we have (z;;) € 2Z[(f.g). Thus
2Z8(g) C 2Z!(f.g). The other cases can be established following similar
technique.

(b) Let ($Z]) S QZé(f) N QZé( ) Then I — 11H1f(|$
I— hmg(]x”\) 0

) = 0 and

2]|

The rest of the proof follows from the following equality

lim{f + DICAES lim Fllzyl) + hmg(!%\)

Corollary 9.2.5. X C X(f) for X =22, ,Z{,m!; andm!, .

Theorem 9.2.6. The spaces 2Z((f) and m!z (f) are solid and
monotone.

Proof. We shall prove the result for the sequence space »Z!(f). Let
(CL’Z‘J’) S QZé(f) Then

I-— hm f(]xw|) 0. 9.8]
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Let (cv;;) be a sequence of scalars with |a;;| < 1 forall (z,7) € N x N.
Then the result follows from [9.8] and the following inequality

’

Flagail) < laylf(lzyl) < f(lagy)) for all (i) € N x N.

That the space Z!(f) is monotone follows from the Lemma 1.12. For

m! (f) the result can be proved similarly.

Theorem 9.2.7. The spaces »Z’(f) and m!;(f) are neither solid nor

monotone in general .

Proof. We prove this result by providing a counter example. Let [ = I
and f(x) = 2% for all z € [0, 00). Consider the K-step space X (f) of X

defined as follows

Let (x;;) € X and let (y;;) € Xk be such that

(5i:) = (w;;) ifi+jis even,
Yial = 0, otherwise.

Consider the sequence (x;;) defined by (z;;) = 1 forall (¢,j) € N x N.
Then (z;;) € 2Z(f) but its K-stepspace preimage does not belong to
2 Z1(f). Thus »Z!(f) is not monotone. Hence »Z(f) is not solid.

Theorem 9.2.8. The spaces 2 Z7(f) and 2 Z[(f) are sequence algebras.

Proof. We prove that the sequence space Z!(f) is a sequence algebra.
Let (zi;), (vij) € 22{(f). Then

i

I —1lim f(|z;;|) =0 and ]—hmf(|y;j|) =0

v

Then we have
I —Tim f(|a;.y;0) = 0
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Thus (x;;.y;;) € 22{(f) is a sequence algebra. For the space 2Z{(f),
the result can be proved similarly.

Theorem 9.2.9. The spaces 2Z7(f) and ,Z!(f) are not convergence

free in general.
Proof. We give a counter example to prove this result.

Let [ = I; and f(x) = 2® for all z € [0,00). Consider the sequence
(xi;) and (y;;) defined by

1
IL‘Z‘]‘:,

d yi; =i+ forall (i,j) € N x N.
T and y;; =1+ j forall (i, j)

Then (z;;) € 2Z'(f) and 2 Z{(f), but (y;;) ¢ 2Z'(f) and 2Z{(f).
Hence the spaces 2 Z{(f) and o Z{(f) are not convergence free.

Theorem 9.2.10. If I is not maximal and I # I, then the spaces 2Z7(f)
and »Z!(f) are not symmetric.

Proof. Let A € I be infinite and f(z) = z for all z € [0, 00). If

{ 1, for (i,]) € A,
xij =

0, otherwise.

Then by lemma 1.14 (z;;) € 2Z5(f) C 227(f). Let K C N be such
that K ¢ TandN—- K ¢ [.Let¢p: K — Aandy: N— K — N— Abe
bijections, then the map 7 : N — N defined by

(k) =

o(k), fork e K,
W(k), otherwise.

is a permutation on N, but 2 (;m)r(n) & 227 (f) and Trgmyrn) ¢ 224 (f)-

Hence ,Z7(f) and 2 Z[(f) are not symmetric.
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Theorem 9.2.11. Let f be a modulus function. Then
225(f) C 22(f) C 225(f)-

Proof. Let (z;;) € 2Z7(f). Then there exists L € C such that
I —lim f(|z;; — L|) = 0
We have f(|x;]\) < f(\x;j — L|) + f(|L]). Taking the supremum over

(4,7) on both sides we get (z;;) € 2Z% (f). The inclusion
2 ZI(f) C 2Z1(f) is obvious.

Theorem 9.2.12. The function & : m!;(f) — R is the Lipschitz
function, where m!;(f) = 2ZL(f) N 2Z'(f), and hence uniformly

continuous.
Proof. Let 2,y € m’ z(f),  # y. Then the sets
Ay ={(1,J) e NXN: |z — h(z)| > |[x — yl|.} € I,

Ay ={(,J) e NXN: [y — h(y)| = ||z —y[l.} € L.

Thus the sets,
B, = {(i,j) € Nx N: [z — h(z)| < ||z = yl[.} € m]5(f),
By ={(i,4) e Nx N: [y — h(y)| < [l = yll.} € m](f).

Hence also B = B,N B, € m!;(f), so that B # ®. A Now taking (i, )
in B,

|h(x) = h(y)| < [h(@) — 245] + |2 — yi| + [y — W(y)| < 3le —yl].
Thus £ is a Lipschitz function. For the space m!; (f) the result can be
proved similarly.
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Theorem 9.2.13. If z,y € m! - (f), then (z.y) € m!-(f) and
h(zy) = h(z)h(y).

Proof. Fore > 0
B, ={(1,7) e NxN: |z;; — h(z)| < €} € mgz(f),

B, = {(i,j) € Nx N: |yi; — hy)| < e} € myz(f).

Now,
lwiis — (@) hy)| = |wigyss — 2iih(y) + 245h(y) — M2)h(y)]
< |wijllyi; — B()| + [Ay)l|xi; — B(z)] [9.9]
Asm!z(f) C 2ZL (f), there exists an M € R such that |z;;| < M and
[A(y)l < M.
Using eqn[9.9] we get
255y — h(x)R(y)] < Me+ Me = 2Me

for all (i, j) € B, N B, € m'(f). Hence (x.y) € m!;(f) and
h(zy) = h(x)h(y). For the space m! (f) the result can be proved

similarly.
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