Chapter 4

Research Tasks of Optimal Control of Dynamic

Processes Economy






4.1 Decomposition of an Extreme Problem of Interbranch
Balance

The dynamic model of interbranch balance describes by a system of
singularly perturbed differential equations

x=(E,—AMt)x—At)z-w?,
pz==A0x+(E, A1)z -w?,

where E,,E, , — identity matrix sizes of kxk, (n—k)x(n—Kk) respectively;

(4.1.1)

w® w® — vectors with dimensions of the final product k and n-k

respectively.

The formulation of an extreme problem for the system (4.1.1) is similar [44],
leads to some complex restrictions that in solving the problem must take into
account that creates certain difficulties and, ultimately, the inability to obtain
effectively implemented algorithm. Therefore, it is necessary to replace the
system (4.1.1) is equivalent to the system, which are separated by slow and fast
position.

Consider the system

x=(E. - AD)x-u?,
L= (E.— A ©)7-u?. (4.1.2)
where
. At ”_ AVt @ _ W@
A=A-AEL AN A T=2+(En-A) T AX B w®

-1
u(l) :W(l) _Az(En—k _AA) W(Z).

As shown in Section 1.2, such a system may change the original system,

since it has all the properties of the original and is an oversimplification. Given
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the initial conditions and parameters known to control the decision of extreme

problems for the system (4.1.2) can serve as an approximate solution of the
extremal problem for the system (4.1.1) with precision O(y) .
We take as the control parameters the flow of final consumption w;. The

vector flow of consumption must obey certain natural limitations. The simplest

kind of restrictions can be expressed by the following requirements:

1. In each branch the flow of consumption w; can not be less than the
specified minimum permissible value y; >0, i.e. w;>y;, j=12,.n. Then
naturally function u” (t),u'®(t) obtain following restrictions:

1
u 2y - A (B, - A) Ty,

U > @),

(4.1.4)

where U, ™ —k - dimensional, u®,y® —(n—k) - dimensional vector

functions.

The minimum allowable flow of consumption v, (t) can be determined by

the rate consumption of production and of the population.

] _ (E, 0 X
2. Vector flow accumulation looks: S = _|=0.
0 HE, )\ 1Z

In this case, the system (4.1.2), we have:

v - A (E,\ - AA)-l y® <y® <(E.—A)X, (4.1.5)

py? <u?<(E,, -A)Z (4.1.6)
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Thus, we must assume that the control functions subsystems (4.1.2)
associated restrictions (4.1.5) and (4.1.6).

The optimality criterion, we can select a functional:
t1
1= [(q(l),w(l))+(q(2),w(2))}dt. (4.1.7)
t0

where (q®,w®)= Zq, o (0@ w®) = quwj, ¢G>0 i=12..n - a

j=k+1
nonnegative decreasing function. The functional (4.1.7) represents the total

amount of increase of social welfare for the period [t,,t,] [50]. Of course, we
must strive to build such functions W, (t) j=12,...,n, that deliver the greatest

value of this functionality.

Now, taking into account the relations (4.1.3) functional (4.1.7) may be
represented as:

] =j(q(l),u(”)dt+j(q‘2),u(2))dt 0,50 418)

where (q(l),u(1

=
N—
I

. -1
r; — elements of the matrix R=A, -(E,, —A,) .

It should be noted that the slow and fast sub system (4.1.2) are not connected,

and it is possible to consider each separately. Furthermore, as the functional J

represents the sum. The same function u® =ul" delivers the extreme values of

the functionals J and J® with the following restrictions:

a) the rate of production growth x =(E, — A, (t))x—u®,

93



The Optimal Control Algorithms in Systems with Different Rates of Motion

b) on the initial and final output of production x(t, )=x’, x(t,)=x"

This is due to the fact that the functional J®® in Formula (4.1.8) does not
depend on the choice of u®,

Similarly, the same function u® =u(? delivers the extreme values of the
functionals J and J® with restrictions:

a) the rate of production growth 7 =(En_k - AA)Z —u® ;

b) on the initial and final output Z(t,)=2°,  Z(t)=Z7"

Thus, the original optimization problem is divided into two problems that
have smaller dimension systems and fewer restrictions, which are considered in
the optimization process that shows the effectiveness of the proposed algorithm
with the position of its use in practice.

4.2 Solution of Singularly Perturbed Problem on Optimal
Economic Growth

To get one of the possible solutions to this problem

t 2 t
%b [erote (c(t) —%} dt = [u* @dt=ul; . ., (4.2.1)
ty )
pux=—-Ax+F(x)-u, (4.2.2)
b
x(to)z\/;k0 =X, (4.2.3)
b -5(t~t)
x(t,)= e k=X, (4.2.4)
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where the function f (k) has property f(ak)=af(k) in [85] assume that

consumption of worker’s and productive reserves is not changed in time. Let us

take this assumption for this problem.

In addition, we believe that the rate of discount & constant and positive, and
its value is considered to be quite large, which indicates a greater preference for
the useful life of loved ones [82, 85].

If put X=0, then from (4.2.2) we get:
F(x)-A4x-u=0 (4.2.5)
or
f(k)-A4k—-c=0. (4.2.6)

If the value K during the time of transition retains its constant value, the

control parameter C does not change respectively to Kk .
.. dc
By then, the condition &:0 follows that
f'(k)=4. (4.2.7)

Under the made assumptions respectively to the production function f (k)

from (4.2.6), (4.2.7) can only determine the value

*

k=k", c=c"=f(k")-Ak", which satisfy the following inequality:

0<c < f (k7). (4.2.8)

Balance at k(t) =k, C(t) =C meets all the necessary conditions, except for

the boundary conditions
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k(ty) = ko, (4.2.9)

k(t,)=k,. (4.2.10)

These values are determined balanced growth mode [85, 93]. With x#—0

values k*,c" have limits, ie. limk =k", limc"=c”, where k', T —
u—0 u—0

solutions of the equations of the form f'(k)=¢, f(k)—ek—c=0. On the

other hand, the condition X(t) =0 we have:

k-ok=0. (4.2.11)
To associate a non-zero solution of (4.2.11) with the point of rest k = k"
we fix one value t, € [to,tl]. As described above, for any t, e[to,tl] is the
equality:
k(t,)=k". (4.2.12)
The solution of the task (4.2.11), (4.2.12) has the form:
k(t, k") =e’k* (4.2.13)

This decision at t —t* tends to the point of rest K” . In view of (4.2.13)

from the relation x(t)= \/geé(”")k(t),

b 5 a a
F(x) = f| |=e?®T0)k(t) |- —2—e0t0) = f(x)— —Z_g ) 4.2.14
R (4219

we define x=x*, u=u":
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. F(x')-u’
These values satisfy the equation (4.2.5). This point X = L is a rest
&

point “connected systems” [20] (in this case one equation)
§=—gl>~<+ F(xX)-u", 720, (4.2.16)
dr

%(0)=x,, (or when 7 <0)
%(0)=x,. (4.2.17)

The point of rest X~ is asymptotically stable in the Lyapunov 7 — 0. Now

the equation (4.2.2) can be rewritten as:

ot t-s t-s

W2 1§ -a— 15 -4
X(t,u)=e *“x,+=|e “F(x(s))ds——|e “u(s)ds, (4.2.18)
R BT Eae
where 4, =4 (u)=e+pu(n+5).
If put in (4.2.2) F(x(t))~F(x"), then in the known u=u(t) phase

coordinates x(t)=x(t,x) taking into account the boundary conditions is

approximately determined by the formula:

e o ng’”{l_eﬁ[ﬂ]_

13,45
/u{[e u(s)ds.  (4.2.19)

We agree that the boundary points x(t,)= \/gkﬁxo, x(t) = geﬂf(trtc)klle

belong to the domain of influence point of the rest X". This means that the

solution of equation (4.2.16) with the initial condition X(0)=x, exists for

7 >0 and tends to the point of rest X" at z — o0, and another solution (4.2.16)
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with the initial X(0)=x, also exists for <0 and tends to the point of rest X"
at 7 ——oo.
Note. With <0 from (4.2.17) we obtain the equation with reverse time

%:gi—F(x*)+u, 7<0.

In this case, we are interested in is the solution of the problem (4.2.1) (4.2.2)
- (4.2.4) which, when g — 0 passes to the solution of the problem generator.

By (4.2.5), (4.2.15), (4.2.19) of the difference x(t,z)—x" define the following

formula:
x(t, 1)~ e%(%](x0 -X)+X —ij'e%(t_"s]u (s)ds. (4.2.20)

f

We define control as follows:

u°(t):u°(t,y):v(t_t°j, o<tZh Wb (4221)
7]

At t =1, u3 (4.2.7) we obtain the following relationship of moment:

o, = [e5N (2)d A, (4.2.22)
0

where o, =—x +e 4%, + X (l— e’ ) 'y T, = b /:to .

Then the function u’(t)=V(z) satisfying the relationship of moment

(4.2.22), with a minimum rate is:

2]10! e*ﬂi(frf)
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It should be noted that when 7, —7 — o0 (2 —0) from (4.2.23) we get the

following limit relation:

lim Vv (z)=0. (4.2.24)
Tl(ur—>0)

At the same time, this control u° (t,,u) (4.2.21) is optimal in the sense of the

task and the corresponding phase coordinates can be written as:

F(x')-u" F(x)-u") ae”(1-e%
x°(t,y):%+e“” X, — (/3 —— 1_e<24m ) 0<zr<y,
or

gl (1 g2 A .
Xo(t’”):e_w"o+’~‘*(1‘e_m)‘$("‘i+e_mlxo+X (L) (4.2.25)

0<7<y,
Function x(t,y) (4.2.25) satisfies all the boundary conditions (4.2.3) (4.2.4)

at >0 (r—>w)

F(x*)—u*

&

=% (4.2.26)

x° (t,y)—)

This means that the point of rest X~ asymptotically stable in the Lyapunov

7 —00. The limit relation (4.2.26) can be written in the form:

: e F(K)-c
Iim\/ge“’(“")kg (t,ﬂ):\ge ) L (4.2.27)

u—0 &

where
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0 P (] f(k*)_c*
k., (t,u)= _

4t g | gl f(k)-c _ale‘}*‘“‘”(l—e'%f) (4.2.28)
0 2 (1—67““”) .

Function ko(t,y) satisfies all the boundary conditions (4.2.9), (4.2.10), and
for its satisfies the following limit relation:
f(k)-c
. :

. o _
Ll_r;% k;t (t,,u) -

tot”

In this case, "highway" generates no equilibrium line, and generates a
function of the form:

ke (t o)=e‘5(‘*“)-M t e[ty t] (4.2.29)
o b - ) A 2.

The optimal trajectory, leaving the start point is sent to the "highway" and for

quite some time are close to the line (for sufficiently small «) and goes with it

to achieve the desired end state (see. Fig. 4.2.2).

We construct the optimal trajectories x(t,x) (4.2.25), k; (t, 1) (4.2.28) n

corresponding line (Fig. 4.2.1, 4.2.2) with the following data [85]: the time
t €[0;21]; the growth rate of the labor force n=0,0053; depreciation rate
g:%zo,omg; discount coefficient 6 =0,10; a small positive parameter

=05 1=£+n=0,0822, 4 =&+ u(n+s)=0,1295.

The calculations used the following data:
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factor of production costs a=0,6, a,=2,189, incremental coefficient fond

intensity b=&=5,4725, the elasticity of manufacture production assets
a

a =0,249, the elasticity of labor issue B =0,751. The initial and final state of
the capital-set values for t=0 and t=21
k(0)=k,=1,8682, k(21)=k,=3,7772 , time to highway t =3 |,

corresponding capital armament k™ =2,0431.

01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
L— Magistral for x ~— X(tau) for mu=0.5 —x(tau) for mu=0.05 — x(tau) for mu=0.005 ]

Fig. 4.2.1 The optimum trajectory for capital intensity of worker x(t,,u).
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'
'
)
'
]
)
J

0 1 2 3 4 65 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

[—Maglstral for k(tau)== k(tau) for mu=0.5 - k(tau) for mu=0.05 =~k(tau) for mu=0.005 I

Fig. 4.2.2 The optimum trajectory for capital intensity of worker k(t, y) .

4.3 Control in Single-Commodity Macroeconomic
Dynamic Model for Different Optimality Criteria

In here solve two problems of optimal distribution of gross product which
illustrates the results obtained in [51, 52].

Problem 1. To solve the problem (dynamic one-commodity model of
Leontiev)

b—=(1-a)x-w, x>0, (4.3.1)

where x— the amount of gross output produced per unit of time; a-—
coefficient of production material costs; b— coefficient of incremental capital
intensity ratio of the time, @— consumption. We use the materials [52] i.e.
solution of the problem reduces to the solution of the nonlinear Riccati equation

(or rather to the solution of Bernoulli's equation) with a final condition.
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If we use the terminology introduced in [51, 52] for the formulation of the
problem of control, then the relation (4.3.1)

g=1"2y_1,. (4.3.3)
b b
0<w<(l-a)x (4.3.4)

is the equation of state, w—is control, X —is state of the system. Now we need
to define a control @, at restrictions (4.3.2) (4.3.3) (4.3.4). The solution to this
problem has to satisfy the condition (4.3.4). Existence of such a decision in this
case depends primarily on the choice of discount rate 6 and the parameter b.

Let’s show it. Let us consider the function of Hamilton:

H=g" p(l_—ax—la))+zw2 . (4.3.5)
b b 2
Write a necessary condition for an extremum [93]:
H_ea (—E + aa)j -0. (4.3.6)
ow b
Hence we have:
w=" (4.3.7)
ab

The canonical equation for the adjoint variable is written as follows:

d, s oH
— (e p(t))=—=—. 4.3.8
L (E7P0)=-= (4.3.8)
It follows that
p= —[—ia —5) p. (4.3.9)
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In view of (4.3.7) rewrite (4.3.3):

1

— p. 4.3.10
g P ( )

., l1-a
X=——X~—
b
We will seek p(t) as:

p(t) = K O)X(0) . (4.3.11)

Then the expression (4.3.7) is written in the form:

o= Kx, (4.3.72)
ab

at the time the equation (4.3.10) takes the following form:

l-a 1
X=| ——-——K |X. 4.3.12
( b b« j ( )

From the condition of transversality [93, 95] boundary condition p(t) is

given by:

p(T)=Bx(T). (4.3.13)

p(T)=K(T)x(T). (4.3.14)

Comparing the ratio (4.3.8), (4.3.14), we find that
K(T)=2. (4.3.15)
From the equations (4.3.9) and (4.3.12) it is possible to find the differential
equation which must be satisfied by the function K(t). Substituting the

equation (4.3.9) the expression (4.3.11) and (4.3.12), we obtain:
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Ko-20za)zob o 1 e (4.3.16)
b b x
Equation (4.3.16) is a Bernoulli’s equation. This equation with the boundary

condition (4.3.15) determines uniquely the function K (t). Believing K(t)=0

!

and considering the ratio &:V : —%K =(%) =V from (4.3.16) we get:
. 21-a)-6b., 1 1
V=" = Ty~ VT)==. 4.3.17
s g V(M ; ( )

It is a linear equation and solve it, we obtain the solution of Bernoulli's
equation:

Sba(2(1-a) —bs)

[

K(t)=
b )(ba(2(1—a)—b5)—,8)+ﬂ '

(4.3.18)

(2(1-2)-b5) (
€

It should be noted that the solution of the linear equation (4.3.17) is stable, if
the following condition:

20-3) 5 0att<T
or
5<@. (4.3.19)
In view of (4.3.18), (4.3.11) from (4.3.7) we have:
o0 B(20-2) ~bo)x() s

N (ba(21-a)-bs)- p)+ 5

Graphic of function @ (t) shown in fig. 4.3.2. We obtain the desired solution,

and it have to satisfy the limit (1.1.24). It is easy to notice that in this case the
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parameter b can not be considered to be small, as it tends to zero condition
(4.3.4) is not satisfied. From comparison of (4.3.20) and (4.3.4) we have the
inequality:

B(2@1—-a)—hs)

T

b )(ba(Z(l— a)—bd)-p)+p

<l-a

(2(1—a)—b§)[ (4.3.21)

e

If the parameter b you can not tend to zero then we will need to T — oo,
Then (4.3.21), and T — o0 we get:

liﬁsa. (4.3.22)

Combining (4.3.19) and (4.3.22) we have an interval change values of

parameter o :

l1-a - 2(1-a)

<o 4.3.23
5 5 ( )
or
135—b<2. (4.3.24)
1-a
at t=T we have another condition:
P ia. (4.3.25)

We show that in the interval 0<t<T function K(t) or left side of (4.3.21)

is positive definite. The numerator of the fraction is positive. It follows from
(4.3.23). It remains to verify the denominator. Let us assume that the

denominator - is positive, i.e.
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e(z(l—a)—bé)(_T) (ba(Z(l— a) —bs) - ﬂ) +£>0, (4.3.26)

ﬂ(l— e(z(la)ba‘){tb]J N e(ﬂl—a%b&)(%) (ba(Z(l— a) B b5)) 5 0.

The second term is positive. For the first term was non-negative, it should be

- e(2(l—a)—b6)[%) S0

or

e(z(lfa)—bé‘)(%] <1 (4.3.27)

This inequality holds for all t<T .

The phase variable x(t), taking into account (4.3.20), is given by:

On the fig. 4.3.1 is a charting function.
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0.85 -
0.8
o 1.:
2 0754 -+
S :
£ 07+¢-
T :
§ o0.s---
B
Z 06-
0,55 !
e e e e e e e
0123456 7 8 91011121314151617 1819 20

Year

Fig. 4.3.1 Schedule of function x(t) (formula 4.3.28).

So, we have indicated the conditions (4.3.27), under which there is a solution
to this problem in the form (4.3.28). On the fig. 4.3.3 is shown the optimal
regulator of system.

"Amplification coefficient” K (t) obtained by modeling equation (4.3.17).

021"
02
019
048"
0az|-:
R e S S B8 SR Sk Bt S CL L SRR S o
RS R e
0D e L T I
012

Consumption per worker

9 10111213141516171819
Year

Fig. 4.3.2 Schedule of function @(t) (formula 4.3.20).
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Problem 2. Now consider another task. In this case the quality of the process
is estimated linear functional:

.
J = [ w(t)dt — max (4.3.29)
0
or
]
J =—[ew(t)dt > min . (4.3.29)
0
1 x(z)
> _L —— ¥ 1-a
ab: S—_
b
1
-1 L
1 (¢) 20
D=5 l I
1 . V(@)
b —( : ) v I
2(1—a)_5

(2(_1~a)_ S L2
5 )

Fig. 4.3.3 Optimum regulator of system x(t) :1_Tax(t)—%a)(t) .

We also assume the intensity of consumption w(t) can not exceed a certain

maximum level w", so that

(4.3.30)
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For solve this problem we use the method set out in [41]. Considering the
consequent economic sense variables (they are not negative), we can not take
the type of restriction

max

to<t<T

u(t)<v. (4.3.31)

Therefore, we need to introduce a new function to get artificially limiting the
type (4.3.31) from (4.3.30). So, enter the following function:

uzw_%ﬂ (4.3.32)

Then in view of (4.3.32) from (4.3.30), we obtain:
w w’
——<us— (4.3.33)
2 2

or

*

w
Wﬁﬂﬁif- (4.3.34)

Now we need to change the dynamic, respectively, one-commodity model
Leontiev, which represents the balance ratio [86]

b%:(l—a)x—a), x>0, (4.3.35)

x(0)=X,, (4.3.36)
where x— the amount of gross output produced per unit of time; a-—

coefficient of production material costs; b— coefficient of incremental capital

intensity ratio of the time, @ — consumption:

*

dx w
b—=(1-a)x—-u-—, x>0, 4.3.37
dt ( ) 2 ( )
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x(0)=%,. (4.3.38)

Horizon process time distribution of gross product is considered as final.
Then it is necessary to set the final time the minimum acceptable value of the
intensity of the gross output in order to allow consumption and outside this time
horizon:

X(T)=x. (4.3.39)
Then we need to solve the following problem: find a control u(t), minimizes
the function (4.3.29) with restrictions (4.3.34) - (4.3.39).

This problem reduces to the problem of moments. Solution of the equation
(4.3.37) with the initial condition (4.3.38) can be written in the form:

1 at 17 t s W ~ (%)t
x(t)= j ds+—2 (1_a)[1 e J (4.3.40)

0

Hence, when at t=T we will have:

a=[e " u(t)t, (4.3.41)

where o = b{—x pel¥Ty W (1_8(?)T)J_

Therefore, we need to find a control u(t), which minimizes the functional

(4.3.29) with restrictions (4.3.34), (4.3.41).
i 0 : . U .
According to [51] (u°(t)=vsign{B; (t)®'(T,t)l” +B;(T)e “/I¥ e }),

the control is written in the form:
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uft )=—Slgn(ﬂie - —e““) , (4.3.42)

-T)

function ﬂle’ G — g% can change sign more than once.

a T)_

Therefore, setting ,119’7 ° ~95 =, we find:

1 1-a
5= H_J'”“TT) (4.3.43)
b

Believing s<(0,T) and substituting (3.6.42) into (4.3.41), we obtain the

following relations:

_ 1-a
s___é(lnﬂiJr Tj
b : (4.3.44)
e [Lyy i) 2l-2) e |
4=t E(Me Wb ¢ . (4.3.45)

According to [51], control (4.3.42) have to satisfy the following moment ratio

T

je_étu (t)dt =al -1, (4.3.46)

0

Substituting (4.3.45) to (4.3.43), we obtain:

T b (—) a(l—a)
T b ( € D ] (4347

in order to s (0,T) have to have the following conditions:
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0<2 1, (4.3.48)
l-a
l-a

LG |ed=a) 4 (4.3.49)

2 w*b

From (4.3.49), we have:

w*b ( Eor

|| < eb -1/ (4.3.50)
2(1-a)

So we have a necessary condition for the existence of control u(t) , that
satisfies the relations of moment (4.3.41), (4.3.46) and limitation (4.3.34).

Now substituting control (4.3.42) to the equation (4.3.46) and taking into
account the relations (4.3.44), (4.3.45), we obtain the following equation for the

parameter A, :

T la 1
“bo 1ba &
% 1a(l_lb5) ( +e,ﬂ 2 +lb5 X La) a0 (4.3.51)

We introduce the notation ,u:lb—g. Then the equation (4.3.51) can be

written as:

l-a; 1 25 M or
y[e b +1J211“ _(V +e”" +1]/111” +2e#(1-u)=0. (4.352)
For different values u satisfying (4.3.48) we have the equation of a different

nature. So at =1 and natural nzlL available equation of at least second
—H

order. Believing n=—~_-1, we find y_; This value satisfies the condition
1 H
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(4.3.48). Then, to determine the parameters A we obtain the following

quadratic equation

T ey sy

W*
This equation has real solutions, if the condition

2 -a)
(Zf +e " +1) —2e*T {e[ b J +1] >0. (4.3.54)
W

For to select b, & we have the following relationship:

5:l—_a or
2b

1-a

b=—-.
25

(4.3.55)

The positive solution of the equation (4.3.53) is the desired parameter optimal
control (4.3.42). After determining the desired value 4 =4,", solution of the

this problem can be written as:
* * 1-a
] . T T)
W:W7+W7S|gn[ﬂle ( b j —e‘ﬁ‘) (4.3.56)

Consumption W defined in the form (3.6.56) satisfies the restriction (4.3.30).

Then under consideration on the interval will have the following path:
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* *

(2t W W
e (X, — + , O<t<s,
(% 1—a) l1—-a
W
XT
x(t) = (1)—3 . t=s,
BT w
XT_e (Xo_l—a)
e Iy s<t<T,
l1—a
)T *
where s=T --20 pl=8| y o b 7y W |
l1—a w* l1—a

The graph of this function and the table are shown in fig. 4.3.4.

It should be noted that in this case the process of distribution of gross

domestic product is characterized by a singularly perturbed equation, since the
(4.3.35) can be written as

dx ow
— =OX——, 4.3.57
H dt l1-a ( )

where p= 1b—5 <1- small parameter.
-a
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a=04 b=07 s=1853365752362144
=05

t= 00 x= 000

t= x= 1130

t= x= 0,00

t= x= 000

t= x= 0,00

t= x= 000

te x= 0,00

x= 0,00

te x= 000

t= S0 x= 000

te 100 x« 000

t= 110 x= 000

t« 120 x= 000

t= 130 x= 000

t= 140 x= 001

t= 150 x= 001 CmmsreesEemseemgrmespecs ;
t= 160 x= 003 0 2 4 6 8 10 12 14 16 18 20
t= 170 x= 003
t= 180 x= 018
t= 180 x= 042
t= 200 x= 100

—_
o

WONDN & W
oooooooo

Fig. 4.3.4 Graph of function x(t) and table of values.

4.4 Investigation of the Problem on Optimal Control in
Single-Commodity Macro Models Based on the Delay
of the Process of Investments

As decomposition described in chapter 1, for the task

k=—(¢+n)k+u, (4.4.2)

uo=>0-a)fk -1+ un)o—w,
where u= % w=w-(1-a)r we will share the slow and fast position.

Matrix A and B have the form:

—(e+n) 1 0
A=l (1-a)f CL+un |, Bz(—l]'
7 H
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In this case

A=—(¢+n), A =1 A=(1-a)f,
A,=—(1+gn), B =0, B,=-1

Then the system with separated variables can be written as:

k =mk —NW,
hoohe (4.4.2)
MU, =0, =W,

where

-1 ~1Y +4(1-a)f
m, =—(c+n)+ 2 e 2) réd-a) ay
7

eu—1+ ,u5—12+41—a fu
= (L ) J( 2) (1-a)

1 ~
N = Lo~ B _
\/(/15—1)2+4(1_a)f/1 v,=v, Hlk#, k# —k#—f-,uNuﬂ,

W, =w,~(1-a)r, w,()=w(t ). 5,(0)=0(ts), K(1)=K(tn)

For the system (4.4.2), we have the following boundary conditions:

(4.4.3)

(4.4.4)

H, = 5”‘“\/(”5 ‘213! +4{1-a)f JimH, (1) =(1-a) f.

u—0

It is easy can to make sure that inequality
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(1-a)f <(e+n)(1+un) (4.4.5)

is a condition of the sustainability systems (4.4.2).

For the system (4.4.1) with the boundary conditions (4.4.3), (4.4.4) consider
the problem of choosing a trajectory of consumption per worker at the condition

.
J= —J'e"sswm (s)ds — min, (4.4.6)

0

g
or J = 'fe*(ssww (s)ds — max.
0

In the future, we believe that for the system (4.4.2) run the condition (4.4.5),
i.e. the system is stable. In this problem, the phase coordinates are the basic
production assets for the one worker k and volume of investments was put into
effect, calculated per worker » and consumption per worker W - is a control
parameter. It should be noted that the consumption values can not less than zero
and in the closed economy can not rise higher output per worker, i.e.

o<w< fk.+r, (4.4.7)

where K. — the maximum allowable level of capital per worker.

Solution of the system (4.4.2) with the initial conditions (4.4.3) can be
written as:

t
K, (t)=e™k, — j e™INW, (s)ds,
0

t t (t-s
7

i ml 1 mh
b,)=e “G-=[e * W,(s)ds. (4.4.8)
0
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At t=T, taking into account the final conditions (4.4.4) from (4.4.8) we

have the following relation of moment:

T 1T mH
clzje"‘l‘T*S)Nv‘vﬂ(s)ds, c:z:;.[e “ W, (s)ds, (4.4.9)
0

0

T
m,—

where ¢ _ | 4e™K, c,=-0. +e “d,

Considering that W, =w, —(1—a)r and from (4.4.6) we have:

J=

O L, —

.
e "W, (s)ds+ I e (1-a)rds . (4.4.10)
0

The second integral does not depend on W, and the desired minimum of w,

value J(w, ) will be reached on the same functions W, =W, (t), and that the

minimum of expression

;
J, =[e ", (s)ds. (4.4.11)
0
From (4.4.7) we have the following restrictions for function w,,

0<W < fk +r. (4.4.12)

Then
.
0< [ (t)dt<l, (4.4.13)
0
where | =(fk.+r)"T.

Thus, have a problem about the minimum of (4.4.11) with restrictions (4.4.9),
(4.4.13).
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A similar task can be solved by the method of A. I. Egorov [37], which is
based on theorem of Levi about orthogonal decomposition of elements of a
Hilbert space. The procedure for constructing an optimal control method of
A. I. Egorov differs little from of the same scheme as in the method of moments
[53]. But it is convenient for the practical construction of optimal control, it is
not required to solve the auxiliary extreme problems. Desired control take in the
form:

T-t

W (t) — }/leml(T—t)N + 7/Zem2[ " ] i }/Oe—at . (4.4.14)

7

This control belongs to a boundary of the set (4.4.13) [96]:
T
—2
I °(t)dt=1. (4.4.15)
0

Constants y,,7,,7, Will be determined from the relation (4.4.9), (4.4.15).
Substituting the value of w(t) from formula (4.4.14) to the relation (4.4.9),
(4.4.15), we obtain a system of algebraic equations

M71 +0o)s +13¥o =Cpy Tt + 1005 + 1370 =Gy (4.4.16)

0at + ols + Vgl + 20,0075 + 2037100 + 207,70 =1,

2 (myuemy) T mT
where r, :N_(ez"‘lT -1, » :L(e R -1, r,= e* N L—e ™Y,
2m, pHm+m, m+6
m,T
1 2m,T 7 ,MT 1
rLh,=r,, r,= e “ =1, Ih,= (1_e H ), r :_1_e—2(7l' .
Hly =1y 1 2m2( ), Do m, + 1o 33 25( )

Of the first two equations of the systems (4.4.15) y,,7, are uniquely

determined through y,:
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n=dy,+h, y,=dp, +h,, (4.4.17)

folos — i3l hl — Cily, —Coly d fofis = Nl

where d; = , ,
M1l =l M1l = ol M0, =l

Cz r11 B Clr12
h, = ———=%, 1,1, —I,,l,, #0.

LY Rl (1P
Substituting the value of y, and the last equation of the system (4.4.16), get

the quadratic equation with respect y,, :

ay +2by, +c =0, (4.4.18)
where a=r,,d? +r,,d7 +r,, + 2r,,d,d, + 2r,,d, +2r,,d,,
b=r.,dh +r,,d,h, +1,dh, +1r,d,h +r;h +r,h,,
c=r,h +r,hZ +2r,hh, —1.
Equation (4.4.18) has two real roots »{’ and y{?, if they performed

condition

b? —ac>0. (4.4.19)

Substituting the found values y, in (4.4.17), obtain:

7 =diyg) +hy, 7P =diye +hy ) =dyrg? +hy,

72 =d,y? +h,. (4.4.20)

Then by the expression (4.4.14) we define two functions

Tt

my (—
O (1) — D amT-1) ) M-
W (t)=y"e™ UN+y’e f o+ypeT,

T-t
m, (—)

72 (1) — 1, () amT-1) ) (2)p-& 4.4.21

W) =p,7e" UN+y,e e ( )
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One of them is the solution of the considered task. Everything, from these
controls by substituting in functional (4.4.11), we will define the optimum
decision which corresponds to the minimum value of functional. We write
down optimal control as

(T-1)
my
W, ()=remTINsyple s H pypet, (42

where y$, 7, y{# — optimum coefficients which depend on small parameter.

Then the phase coordinates corresponding to optimum control (4.4.22) are
defined by ratios:

m,T

~ 2, mT eT N/J _myt
k, (t)=e™k,—uND,+ (emt —emt w4 S TH o u _gmt |yl
M Ay M, (4.4.23)
+ N (efat _ emll ((J;z)’
m, +3J
m, (T+t) )
myt m,t m,t
= _ Ne™" = e * =
v, ®)=e”d,—Hk, (t)+ ™ —e )y = —(l-e “ )i+
T M, 2m, (4.4.24)
m,t
1 &
e _gH# (#).
us+m, ( )70

On fig. 4.4.1 are graphs of control w, (t)and functions k, (t) &, (t)

1
Honm

respectively at 12 =0,5. At £ — 0 we have the following limit ratios:
m—->—(e+n)+@-a)f =my, m, > -1,

1 om
N —1, Hl —)(1—a)f, r, — r-1(10) :R(ez o _1)1
0

r,—>rY=0 r,—->rY=0,
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Graphs of optimal solutions

WHWWWWWWWWW#
o1 2 3 4 5 & ¥ & 9 10 11 12 13 14 15 16 17 18 19 20 2

= (Optimal control
= Basic production funds
= Capital investment

Fig. 4.4.1 Graph of optimum decisions.

r,—rY :—emOT A-e ™y _1 r, >r9 =
13 13 m0+5 1122 22 2’ 23 23 '
1
—r@ _ -25T
f33 =T33 —%(1_9 ),

r© . .
d, »d®=-2%.d, > di® =-2r9 ¢, »>c® =k, +e™k,, (4.4.25)

r-11

0) (0) Cl(o) (0) ) (0)
c, >C =—u; +(1—-a)fk;, h >N =0 h, - h{® =2c¢”, r!” =0.
11

For limit values of parameters from (4.4.25) it is possible to receive the ratios
similar (4.4.18) - (4.4.21) and to define from them limit values of optimum

coefficients: y( — 5@yl 5 O o) O Then from (4.4.22), (4.4.23)
and (4.4.24) at ; — 0, because of the system (4.4.2) stability we receive the

following limit ratios of the solution of a task respectively (see fig. 4.4.2)
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wO () =e™T V@ re P +1-a)r,  (44.26)
K© (t) = gMtk +£(e—mot —em°t))/(0) +#(e—a _ emot)y(o) (4 4 27)
° 2m, ' p+O o

VO =kOM)-1-a)f —-wOt)=@-a)(kO®t)+r)-wO(t). (4.4.28)

We will notice that direct application the method’s of A. I. Egorov [37] to
this task increases number of the equations by one. If the studied system has
high dimension, the method will be ineffective. Therefore we pass on another.

We will consider system

K, =mok, —W., K, 0=k, k,T)=k, (4.4.29)

U

* *

v, =-v, —W,, v,(0)=v, —(1-a) fx, =vy, v,(T)=0, - (1-a) fk; =0y,

where v, =v, —(1-a)fk,,.
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The limit ratio of optimal control 774 54

- 302,651
— 324,082
- 339,833
- 350,682
- 357,352
~ 360,471
~ 360,589

- 358,188
- 353,692

o 1 2 3 4 5 & 7 & 9 10 11 12 13 14 15 16 17 18 19 20 21 [7347488

The limit ratio the basic preduction funds

T T T T T T T T T T T T T T T T T T T T
o1 3 4 5 B 7 8 8 10 11 12 13 14 15 16 17 18 18 20 A
The limit ratio of capital investments
:
T
o 1 2 E:| 4 5 5} 7 g el 10 M 12 13 14 15 16 17 18 19 20 2

Fig. 4.4 Limit ratios.

Now we will consider a task about a minimum of functional (4.4.11) at

restrictions (4.4.29) and (4.4.13). We will designate this task a symbol P, . At

1 =0 from (4.4.29) we receive the generating system

k® =mk® -w®, Kk°0)=k,, kOT)=k, (4.4.30)
0=-0 -w%or 0 =(1-a) k" -w"?,
where 0* =0 —(1-a) k.
Then tasks (4.4.11), (4.4.13), (4.4.30) are limit in relation to a task Pﬂ. We

will designate it through P,.
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We solve the task Po. We write down the decision of system (4.4.30) in a

look:
t
K (t) =e™k, — j e™ 9w (s)ds, (4.4.31)
0

O (t) = @-a) k@) —w ().

At t =T from the first equation (4.4.31), we obtain:

.
Cfo) _ J‘emo(T—s)V—v(O) (s)ds, (4.4.32)
0

where ¢ = —k; +e™"k,.
Similarly, above stated method, control w©® (t) will be search in the form of:
wOt)=7,e™ 4707, (4.4.33)

This control belongs to the boundary of the set (4.4.13), i.e. it must satisfy the
equation

[wC ()t = 1. (4.4.34)
0

Given the (4.6.33) by (4.4.32), (4.6.34), we obtain the following system of

algebraic equations y,,7,:

{rl(lo)771 + r1(30)770 = Cl(O)’ (4.4.35)
rl(f)7712 + 2r1(3(.))771770 + rs(g)7762 =1,

)

whnere I/, , I etine ytereatlonso ormula (4.4. . From the
here 19, 19, 19 defined by the relations of formula (4.4.25). From th

first equation (4.6.35), we obtain:

126



The Optimal Control Algorithms in Systems with Different Rates of Motion

7, =07, +h, (4.4.36)
(0) c©

where d, = —%, h, :ﬁ. Given the (4.6.36), from the second equation
11

11
(4.6.35), we obtain a quadratic equation for y:
ayZ+2by,+c=0, (4.4.37)
where &~ {087+ 2008 460, B~ (0GR + R, € - KRE -1
Equation (4.6.37) has two real roots 7\, 72, if b? —ac > 0. Assume that

these roots exist. From (4.6.33) we have two functions -control, one of which

minimizes the functional (4.4.11), written in the form (see. fig.4.4.3)
w(t) = 7™ + 7O + (1-a)r, (4.4.38)

where 7%, 79 — optimal coefficients. Substituting (4.4.38) to (4.4.31), we
obtain (fig. 4.4.3):
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# Graphs of generating system

Optimal control — Optimal contral

B o o e e B L B A R R R
001 2 3 4 5 B 7 8 8 10 11 12 13 14 15 16 17 18 13 20 21

Basic production funds

Capital investment

Fig. 4.4.3 The graphs generating systems.

myT

€ (e—mot —emOt)?l(O) +L(eiﬁ _emot)yéo)' (4439)

k@) =e™k, +
® ° " 2m, my +6

0@ (1) =W (t) + 1—a) f -k (1) = 1—a)(K® ) + ) —w® (1).

So, we got a solution to the problem P,.

Note that the resulting function in (4.6.38), (4.6.39) coincide with the
functions in formulas (4.6.26) - (4.4.28) (see. fig.4.4.2).

We arrive at the solution of the tasks P,. We define control W; (t) in shape:
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wot), o<t<T,
W (t) = - _
Ao, ﬂ(T tj’ 0Tt T (4.4.40)
u “oou
T-t . . .
where p| —— |- the function of boundary layer type, which have is
MU
exponential decrease. The function W, (t) already identified, remains to be

determined (T j With W, () = U(T J from the second equation (4.4.29)
u u

we have:

v, (t)= e (US +0 (O))— v© ('[)—i j. e_;‘sn[T des (4.4.41)

c;(t)zlje “ n(T _des, (4.4.42)
Y7,

where C,=-0; +€ K (UO +0 )(0))—0(0)(T).
Repeating the above procedure in this case, we define control

* T _t -y = . - - - -
w,(t) = 77(—) so that it is minimize the functional (4.4.11) and satisfy to
Y2

relation of moment equation (4.6.42). As we saw above, such control exists on
the boundary of the set (4.4.13) and getting in shape:

(T j ﬂle “ +y,80 . (4.4.43)
7
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Optimal coefficients ﬂl* , /3’5 selected from solutions of the system algebraic

equations:

Fyo By + 3By = Cy,
. ) ) . g (4.4.44)
oo ttfBy" + 2170y B By + Vaatt” By =1,
1 _r 1 T
where 1,, = ,Jjﬁllrzz = 2[1—e # J lys = mIzimlr23 = l_@(e‘“ —-e J [

From the first equation (4.6.44), we obtain a quadratic equation with respect
to B, :

*2

pB, —r=0, (4.4.45)
where p=r,u’ —u® 2, r=I|-pu-2 . Equation (4.6.45) has two real
22 r22

roots ,Bg(l) and S, ®  Assume that these roots exist. Then from (4.6.43) we

have two functions-control, one of which minimizes the functional (4.4.11).

Substituting control (4.4.43) to (4.6.41) we obtain:

t 1 T+t 2t ﬂ* t
U; =e ”(U;+U(0)(0))—U(0)(t)—5,31*e “ [1—6”}——1_0;; {e‘" —e ﬂ}

Given the (4.6.38), (4.6.43) control W; (t) represented in the form:

' { Ogm(T1) o 0e=2 = 0<t<T,
W =

VT e e, 0srsr <aon
where sz, lel_
yZi H
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Three (v_v;,k(o),u;) is a solution the problem. It should be noted that the

system (4.4.29) approximates the system (4.4.2) with an accuracy O(u). In
addition, when z — O the solution of problem P, approaches to solution of
P, . which was obtained in (4.6.39) (4.6.40) (or (4.6.26) - (4.4.28)).
Consequently, the solution of problem P, is an asymptotic approximation of

the solution of the initial problem with the accuracy of the order of smallness
O(y). When the delay at enter capital investments disappears, i.e. at ¢z — 0
we have the solution of problem P,. The solution of the problem P, forms an
arterial road. The specific investment imposed by into action without delays,
described by the function uo(t). In this case, we arrive to a certain idealization,
but in fact the process of development of investments in the economy without
delays occurs. However, the study duration of the process assimilation of
capital investments in a certain period of time and the effect of the lag (delay)
on other indicators of economic growth of interest of a scientific nature. In this
sense, the convergence rate for solving the problem to the solution of the

problem P, is of practical importance.

4.5 Estimation of Optimal Development of the Economy
Based on a Single-Commodity Optimization Model of
with a Small Parameter

Here, by the method small parameter is investigated the optimal control
problem for single-commodity model of economy and conducted a comparative
analysis with the known results which receive from [85] in other ways. It should
be noted that at the beginning of this task is required forming arterial road of
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this model and to find corresponding control realizing the arterial road [20] at

solving the problem (4.3.29).
T
J, =e™*(1-a)uxdt — max (4.3.29)
0
or
T
J, =—Je*(1-a)uxdt — min. (4.3.29)

0
Then the reduced problem can be formulated as follows: to find such process

v =(k(t), X(t), u(t)), which minimizes the (4.3.29) at restrictions

k=—(e+nk+(1-a)l-u)x, (4.5)
k(0) =ko, k(T) =k,
O0<u<l x=f(kt)=0,

k(1) >k, (t), 0< <1,
where f(k,t)= % F(k,L,t).

Here we propose a new approach, which is based on simple properties
decreasing function on a closed interval. We denote by D the set of values K,
satisfies (4.5) and call it the permissible region the process. A similar problem

in the case of 1 =1 considered in [85].

Highest average consumption, which should be secured by this process is
estimated by the value of functional (4.3.29) with the sign reversed. In this
problem, the state of the system is k - the amount of capital per worker, control
- labor productivity X and the share of consumption U . The equation the

process is the differential equation of growth capital intensity.
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e t
If enter a "rapid" time 7 by formula 7 = —, where g —small parameter,

then time 7 the original t it is a "slow" time. In such a case, the variables
coefficients of the of the studied system in "fast" time z will be slowly varying.

Administering to a system small parameter x - it is a certain idealization, which

emphasizes the fact that the pace course of the process above (approximately,

1. .
— time increases) than in the normal mode.
Y7,

Let the size of the final product are determined by the production function of
the Cobb-Douglas [82, 85]. Then labor productivity X is determined by the
function

X =be?k*, a=1-3, (4.5.1)
where p - coefficient defining rate of growth of a technical process, « - the
coefficient of elasticity of manufacture production assets; /£ -the coefficient of

elasticity of the release of labor.

Equation (4.5) with (4.5.1) is written as:

1K =—(g+n)k +(1L—-a)(Ll—u)be”k*. (4.5.2)
Consider the problem (4.3.29), (4.5.2). We introduce a new function
V=ke? (4.5.3)

Then in view of (4.5.3) from (4.5.2) we have:

yc:j—\: =(—(e+n+du)k +(L—a)bek“)e ™™ —e*b(l-a)e”k“u. (4.5.4)

Now, from the right side of (4.5.4) delete k. We require that the sum of

standing to the e, i.e. function
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m(K,t) = —(& + n + du )k + (L— a)be” k“
did not depend of k . Then

aa_r; =—(e+n+du)+(1-a)e”ak*™ =0,

From here we have:

w1 _ E+N+u K
a(l-a)be”

or

1
Kok’ :( a(l-a)b jﬁe;t_

ole+n+du

Using by (4.5.3) the equation (4.5.4) can be written in the form
dv

== (~(e +n+du) + (L-a)be"k“ )V —b(1-a)e uk* 'V .

dt

Than in view of (4.5.5) from (4.5.7) we will obtain:

av E+N+ A
NE=——'U(U—,3)V-

In view of (4.5.5) the functional (4.3.29) can be written as:

T

_MIqut .
0

J=
a

Taking into account (4.5.6) from (4.5.3) we have:

1

_ B —(5-Ex (-2t

V:(Mj e B =e ﬁv(o),
E+N+ou
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a(l-a)b ji_

E+N+du

V(O)=k(0):[

From formulas (4.5.10) we find:

V =—(5-L)y
A (4.5.11)

Comparing equation (4.5.8), (4.5.11), we obtain:

E+N+J
R -py=uc-2). (4.5.12)
p
Condition (4.5.12) takes place if
Eﬂ +&+n i
u:u;:l—aﬂi' (4.5.13)
e+N+du

Similarly in [85], the function K (t) (4.5.6) call highway of the dynamic

model. Control, implementing this feedline - a constant, which is determined by
(4.5.13). Then in view of (4.5.13) equation (4.5.9) is written as:

5 Pluvesnl
jo_gtntoul, P v (o,
a e+n+aou g

P

Here the integrand V(t):e‘“k;(t)ze( 7 -V(0) - the discounted value of

the capital.
From (4.5.10) can to see that at 5 >§ the function V (t) - decreasing on the

segment [0,T], and V (0) is its largest value, i.e.
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T -e_[s_ﬁv (0)< ]V (t)dt <T -V (0).

0

5 B,u+g+n
Where, 3% =3, =— S H 1-a? ).
a E+N+du

With 0 <% function V (t)— increasing on the segment [0, T } Then

T (ﬂ—a‘JT
T-VO)<[v()dt<T-e” 7 -v(0),
0
E+N+J Freen [ﬁ‘ﬁj'T
A S Te/ ) .v(0) (45.14)
a E+N+du
s P
With 6 == we have
B
3723, =S 5 1 v
p =i = B-T-V(0). (4.5.15)
In the "fast" time 7 highway is
1 P
— L =
k' =k* (zu) = ad-a 17 (4.5.16)
g E+N+du

*

And it will be slowly varying functions. With x — 0, k;, u,,

J,, have

the following limit values
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1
w_ékg:(aa—am]ﬁ,

a £+n

g+Nn

AV (0)T.

u, >uy, =4, J,>J,=-

For short periods of time changing the "slow" variables does not affect the
fast equations and consequently limit values are k,, U, may serve as an

asymptotic approximation when forming highway and enables to obtain a
gualitative picture of it.

In order to process v was optimal in the sense of the solution of the task k;
it should satisfy the given boundary conditions (4.5). But it not so the solution
k; can not satisfy the boundary conditions (4.5) because through these points

are other curves, which are partial solutions of the original equation (4.5.2) with

a predetermined control U .

We define these curves and their points of intersection with the highway

(switching point) k;. Dividing both sides of the differential equation (4.5) on
k* we have:
1Kk =—(e +n)k** + (1—a)(l—u)be”.
We introduce a new variable
ke —k# =z. (45.17)

Then, taking into account (4.5.16) from (4.5.15) we get:

12 =—ﬁ(g+n)z+,8(1—a)(1—u)bept- (4.5.18)
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With the known U (U -constant) exact solution (4.5.18) with the initial

condition z(0) = k/ written in the form of the Cauchy formula:
*ﬂ(é‘*“)i ﬂ L —ﬂ(“:Jrn)ti—S
2= k{+L@-a)a-upfe " #erds
H 0
or

—pe+n) - a.(1-u a,(1-u
z(t):e “ kéB— 0( ) " o( ) e”t
g+n+y% 5+n+y£

B

, (4.5.19)

where a, =b(1-a).

Similarly, the solution of (4.5.18) with the initial condition z(T)=k/ is

determined by the relationship:

e _a,(1-u)e” L &= u)e”

g+n+y£ £+n+,u£

z(t)=e k/

Note that if for the given problem build the Hamiltonian function, then it will
depend on the control U linearly and its maximum value are achieved only in
the boundary values. But in the real economic problems, as noted in [85], the
minimum level of consumption is strictly positive: 0 <u, <u <1. Therefore,
the Hamiltonian takes the maximum value in points u =u., u =1 and through
these values can be determined switching point.

For to determine the point of intersection of the highway with the boundaries

of the permissible region D we have the following relations:
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t
a,a A a,l-u) | a,(1-u)
0 ept e u koﬁ _ =0 i + 0 i ept

s . (45.20)
o l+ﬂ£ i+y£
B B
a,o et a,(1-u)e” | a,(1-u,)
—0" et =e # k-2 ' +2 et (45.21)
A+du ﬁ+y£ A+u—
p p

where A =g+n, a,=b(l-a),i=12.

In formulas (4.5.20), (5.6.21) if i =1, it takes the lower limit U =u, =u,, if
i =2, then u=u, =1. Then the left and right switching points are calculated

by the following formulas:

o (1-u)a,
A+dou i+yp

S - ,
PA+ up kp_ao(l_ui)
0
P
A+u=
B
pa  (1-u)a,
A+ou i+y£
t, = LA —" In
© PAtup PA+up f_ Bold=U)
1
Yo,
A+u=—
B

The boundaries of the permissible region D is defined by the relations
(45.17), (4.5.19) at values u=u., u=1. Lets k, <k} (0), k, >k;(T).

Then highway k# (t) (4.5.15) proceeds as shown in fig. 4.5.1. As can be seen
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from the figure, the optimal trajectory consists of three sections with moments

of switching t, and t,. Starting from the time t, until t,, up growth is on

highway, and outside the interval (tl,tz) consumption is at a lower level u”,
i.e. in those periods of time in the economy is a process of accumulation. The
output trajectory to a highway at different values of the small parameter is
shown in fig. 4.5.3-4.5.6.
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Fig. 4.5.1 The optimal trajectory the moment of switching.
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As we noted above, that the small parameter is introduced artificially into the
system, so that the result was a simplified algorithm that allows us to offer cost-
effective computational procedures. Therefore, we need to derive the
corresponding asymptotic formulas that make it possible to build the optimal

trajectory with a certain precision, while maintaining the qualitative features of

t
the processes under study. Moving on to "rapid” time 7 = — make the change
U

of variable in (4.5.18):

:—Z =—BAz+ fa,(1-u), z(0) =k{ . (4.5.22)
T

The solution of equation (4.5.22) if known U is as follows:

(4.5.23)

2(z) = e [kﬁ _ ao(l_u)j+ a,(1-u) .

A A

Graph of the function is shown in fig.4.5.7. For g:ﬂ (t>T) from
y7i

(4.5.18) will have:

(;j—z =—BAz+ fa,(L-u)e”™ z(0)=k/. (4.5.24)
O

The solution (4.5.24) can be written as:

a,(1-u)e”"
L a-ve”

2(c)=e" (k{ - 2

(4.5.25)

)

aO (1_u) epT
A

A graph of this function is shown in fig. 4.5.2.
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k0= 18682 k1= 37772 -~
zz1(t)

@@= z1(t) for mu=0.5 o z1(t) for mu=0.05 === z1(t) for mu=0.005
e |fagistral (Highway) === z1(t) for mu=1

t10= 20811 t22= 23,0502
KObeta= 15330 Kilbeta= 27130

o 2 4 & 8 10 12 14 16 18 20 210 17715 2 12,4386
tau0= 39,0913 sigmal= 9,0311
mu=1,0000

t10= 22334 122= 23,1698

Graph for 2(t) | The outlet to highway | Graph for 2(tau) | Save I =

Fig. 4.5.2 Graphics functions ¢(t), z(c) and a table of values.

Then we have the following asymptotic formulas defining the intersection
point of highway with the boundaries of the permissible region D :

1, Ak —a(-u,)

Ty =—

;Lﬂ aO(ui _ﬁ)

_1 K/ —a,(1-u,)e”
B ag(a—@2-u)e™)

Ot

At that itself highway is determined from the (4.5.15), i.e. is taken limit value
k, at u—0:

1
o)
A

where a, =b(l-a), A=&+n. It should be noted that the first term in

formulas (4.5.23), (4.5.25) are, respectively, the left and right “borderline
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functions” [15], which approximate the transition from the initial state to the
highway and go to the highway in the final state.

An outlet to highway of single-product optimization model

T t t T T T T t T T

0o 1 2 3 4 5§ 6 7 8 9 10 11 12 13 14 1S 16 17 18 19 20 21

< Exit = Highway= z1(t) |

Switching points
t10= 22334 t22= 23,1698

The points an outlet to highway Exit at mu=05 |
t1=00 y1= 1,59830
2= 22334 y2= 13,3303
Exit at mu=0.05 I
Exit at mu=0.005 |

Fig.4.5.3 Thecaseat =1
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An outlet to highway of single-product optimization model

0 1 2 3 4 S5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

o Ext == Highway=—z1(t) |

2= 2,2334 y2= 13,3303 Exit at mu=1 I

atmu= 0,5000

Switching points
t10= 2,0811 t22= 23,0502

The points an outlet to highway

0=00  yl= 15390 T |
©= 20811 y2= 13,2659 Emtatim=105
Exit at mu=0.005 |

Fig. 4.5.4 Thecaseat =0.5

Note that if for the given problem build the function of Hamilton, then it will
depend on the control U linearly and its maximum value are achieved only in
the boundary values U . But in real economic problems, as noted in [94, 97],
minimum level of consumption is strictly positive: 0 <u, <u <1. Therefore,
the Hamiltonian takes the maximum value in points U=U,, U=1 and terms

of the values can be determined switching points.
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An outlet to highway of single-product optimization model

20 }+-

18 19 20 21

13 14 15 16 17

1 12

10

8

== Highway == z1(t)

[« Exit

Exit at mu=1

t2= 2,0811 y2= 13,2653

atmu= 0,0500
Switching points

Exit at mu =05

t10= 0,4136 t22= 21,4106
The points an outlet to highway

=0.05

Exit at mu:

12,5802

00 y1= 15930
04136 y2=

t1
t2

=0.005

Exit at mu:

0.05.

Fig. 4.5.5 The case at u
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An outlet to highway of single-product optimization model
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2= 0,4136 y2= 12,5802 Exit at mu=1

atmu= 0,0050

Switching points Exit at mu =05
t10= 0,0450 t22= 21,0447

The points an outlet to highway

N=00  yl= 15990 e
2= 0,0450 y2= 12,4335 —IE"" S
Exit at mu=0.005

Fig. 4.5.6 The case at 1 =0.005.
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tau0= 9,0913 sigmal= 38,0311

mu= 05000
) al= 41230
Graph of function z( tau)
—— z(tau) for mu=0.5 —— z(tau) for mu = 0.05 — z(tau) for mu=0.005
— Magistral — 2(tau) formu = 1 KObeta= 15830 Kibeta= 27130
t

21 221 2tau

00 15880 124157 15330
10 29788 128172 23538
0 42362 132317 41625
53863 136535 52255
64426 141012  6,1651

3956

210 177125 242223 124386
taud= 93,0913 sigmal= 90311

Fig. 4.5.7 Graph of function Z(T) and its table of values.
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